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Abstract

Policy evaluation problems in multi-agent rein-
forcement learning (MARL) have attracted grow-
ing interest recently. In these settings, agents
collaborate to learn the value of a given policy
with private local rewards and jointly observed
state-action pairs. However, most fully decentral-
ized algorithms treat each agent equally, without
considering the communication structure of the
agents over a given network, and the correspond-
ing effects on communication efficiency. In this
paper, we propose a hierarchical distributed al-
gorithm that differentiates the roles of each of
the agents during the evaluation process. This al-
lows us to freely choose various mixing schemes
(and corresponding mixing matrices that are not
necessarily doubly stochastic), in order to reduce
the communication cost, while still maintaining
convergence at rates as fast as or even faster than
the previous approaches. Theoretically, we show
the proposed method, which contains existing dis-
tributed methods as a special case, achieves the
same order of convergence rate as state-of-the-art
methods. Numerical experiments on real datasets
demonstrate the superior performances of our ap-
proach over other advanced algorithms in terms of
convergence and total communication efficiency.

1. Introduction

Reinforcement learning has recently witnessed enormous
progress in applications like robotics (Kober et al., 2013)
and video games (Mnih et al., 2015). Compared with
single-agent reinforcement leaning, multi-agent reinforce-
ment learning (MARL) requires that each agent interacts
with not only the environment, but also other agents, which
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makes the learning tasks more challenging. In this paper,
we study the policy evaluation problem in MARL with local
rewards. In such scenarios, all the agents share a joint state
whose transition depends on the local rewards and actions of
individual agents. However, because of practical constraints,
each agent only observes its own local rewards but doesn’t
know those of the others. To achieve the optimal global re-
wards, which is the sum of local rewards, the agents need to
exchange their information with others. This type of setting
is motivated by broad applications like traffic signal control
(Prabuchandran et al., 2014), sensor networks (Rabbat &
Nowak, 2004), and swarm robotics (Corke et al., 2005).

To handle the robustness and scalability problems of cen-
tralized policy evaluation methods in MARL, (Lee et al.,
2018; Wai et al., 2018) propose fully decentralized methods,
where each agent only communicates with its neighbors
over a network. However, like most of their predecessors,
their approach requires undirected connections or doubly
stochastic mixing matrices generated directly from the ad-
jacency matrices of undirected graphs. For directed graphs
(digraphs), however, only a special type of them admits
a doubly stochastic mixing matrix, and even for them, a
general method to construct such matrices is still lacking
(Gharesifard & Cortés, 2010; 2012). Moreover, in previ-
ous work that requires doubly stochastic mixing matrices,
all agents’ roles are essentially the same in the sense that
they all need to send variables and gradients information to
neighbors and receive such information from them. This
may cause the agents to communicate too frequently when
they are already well connected. In this paper, a hierarchical
algorithm is proposed to handle these problems. By properly
designing the mixing matrices in the proposed algorithm, it
is possible for an agent to receive information from another
agent to update its variable without sending such informa-
tion to it (analogous to the Master-Workers relationship (Li
et al., 2014) in a star network with a central node). Another
advantage of the proposed algorithm is that it not only in-
cludes the mixing scheme in the previous work as a special
case, but also includes other mixing schemes that haven’t
been considered before. The experiments show that the hier-
archical structure can save communication in each iteration
and still have better convergence performance than the pre-
vious approaches. Theoretically, the proposed algorithm is
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proved to converges linearly with the same order of rate as
the state-of-the-art approach though it is much more general
than the latter. The analysis is of independent interest for
solving general saddle-point problems with convex-concave
cost on decentralized agents.

Related Work The study of MARL dates back to (Littman,
1994; 2001; Lauer & Riedmiller, 2000). For more recent
works see also (Hu & Wellman, 2003; Arslan & Yiiksel,
2017). However, most of them suffer from the curse of
dimensionality since they exploit the tabular setting. To
resolve this issue in the policy evaluation under the MARL
framework, linear function approximation and actor-critic
algorithms are studied by (Lee et al., 2018) and (Zhang
et al., 2018) respectively. For the policy evaluation in signal-
agent RL, the primal-dual formulation is studied in papers
like (Lian et al., 2016; Dai et al., 2017a; Chen & Wang,
2016; Wang, 2017; Dai et al., 2017b; Du et al., 2017). In
the multi-agent setting it is studied by (Macua et al., 2015;
2017; Wai et al., 2018). Our work is more related to (Wai
et al., 2018) with the difference that our algorithm allows
hierarchical structures of communication and more general
mixing schemes. In the works that generally minimize a sum
of convex local cost functions (Tsitsiklis et al., 1986; Nedic
& Ozdaglar, 2009; Shi et al., 2015; Qu & Li, 2018; Ren
et al., 2017; Ren & Haupt, 2018; 2019; Ma et al., 2018b;a),
our algorithm is closely related to stochastic average or in-
cremental gradient (Pu et al., 2018; Schmidt et al., 2017;
Defazio et al., 2014), with the difference that our objec-
tive function is a double sum of convex-concave functions
and we consider hierarchical structures and new mixing
schemes as well as their effects on efficiency. As far as we
know, the proposed algorithm is the first to work on directed
graphs with hierarchical structures, and allows rich options
of mixing schemes to solve decentralized convex-concave
saddle-point problems in MARL.

Notation For a vector a = (a1,--- ,a5)' € R® we denote
lall :== (35—, |ai|?)'/2. For a matrix A = [a;;] € R3*F,
we define [|A ] == (352, X5—y lai; )2 and [|A 1,00 :=

max;—q,.. ,5{2521 la;j|}. Given a matrix H € R**®, we
define ||v||g := Vv Hv for any vector v € R*.

2. Problem Formulation

In this section, we introduce the multi-agent Markov deci-
sion process (MDP). Then as shown in (Du et al., 2017), we
can reformulate the policy evaluation problem as a primal-
dual convex-concave optimization problem.

Now consider a network of N agents. We are interested in
the multi-agent finite MDP: (P&, S, {4}V, {R;}Y,.7).
where S denotes the state space, .A; is the action space for
agent i, R; is the reward space for agent ¢, and v € (0, 1)
is the discount factor. P& € RIS!¥IS| is the state transition
matrix under a joint action & € A; X Ay X - - - X Ay, where
P3(s,s) denotes the transition probability from s to s’. The

local reward received by agent 7 after taking joint action a at
state s is denoted by r;(s, &). It is private for agent 7, while
both s and & are observable by all agents.

We know in this setting the agents are coupled together
by the state transition matrix P2. As a motivation, this
scenario arises from large-scale applications such as sen-
sor networks (Rabbat & Nowak, 2004; Cortes et al., 2004),
robotics (Kober et al., 2013), and power grids (Dall’ Anese
et al., 2013). Moreover, a policy 7r(a]s) is the condition-
al probability of taking joint action & given the current
state s. We define the reward function of 7 as an aver-
age of the local rewards: RT (s) := + Zf\il RT(s), where
RT(s) := Egur(.s) [ri(s,&)]. The goal for the agents is
to collaboratively find a joint action-selection 7r that max-
imizes the global return. Note that a policy 7 induces a
transition matrix P™ over S, whose (s, s’)-th element is
given by [P7]_ , := Er(1s)[Pssr-

Policy Evaluation A key step in reinforcement learning is
policy evaluation. Efficient estimation of the value function
of a given policy is important for MARL. For any given
joint policy 7, the value function V™: & — R, is defined as

V7 (s) := E[Zp LYPTIRT (sp)|s1 = s, w]. (D)
Let us construct the vector V™ € RIS! by stacking up V™ (s)
in (1) for all s. Then, V™ satisfies the Bellman equation

V™ =RT + 4PV, )

where R7 is formed by stacking up R7 (s) and P™ is de-
fined above. Furthermore, V™ can be shown as the unique
solution of (2).

To scale up when the state space size |S| is large, here we
approximate V™ (s) using the family of linear functions
{Va(s) := ¢"(s)0 : & € R?}, where 6 € R? is the pa-
rameter, ¢(s) : S — R? is a feature map consisting of d
features, e.g., a dictionary induced by tile coding (Sutton &
Barto, 2018). We define ® := (- ;9" (s); -+ ) € RISIxd
and let Vg € R!®! be formed by stacking up {Va(s)}__s-
Our aim is to find @ € R? such that Vg ~ V™, which mini-
mizes the mean squared projected Bellman error (MSPBE)

MSPBE* ()

= 3| e (Vo — yP™Vo — RT)||y + 211612, 3)

s
where H = diag[{1™(s)}ses] € RISI*IS]is a diagonal ma-
trix whose diagonal elements are the stationary distribution
of 7, Il : RISl — RIS! is the projection onto subspace
{®6 : 6 ¢ R4}, and p > 0 is a regularization parameter.
When ® "H® is invertible, (3) can be further reformed as

MSPBE*(6) = ||A6 — b||p-1 + £[|0]%, (4

p) (B(sp) —
db = B[R

1(sp41)) '] D =
T(sp)@(sp)]. Here the

where A

::E[(
E[¢(sp)¢" (sp)]. a
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expectations are taken with respect to the stationary distri-
bution p™. In practice, these expectations are estimated by
a finite dataset with M transitions {s,,a,},.; simulated
from the multi-agent MDP using joint pollcy 7. The next
state sp;4+1 of sps is also observed. Then the empirical
versions of A, D, b, denoted respectively by 11 ]3 B, are
defined as

N 1 M N 1 M N 1 M
A;:M;AP D::M;Dp,b::M;bP,WIth

i
S
=
’E

S—

A,
b, = (Spv ap)P(sp), (%)
where r.(s,,a,) = N~} va 1 7i(sp,ap). Here we as-
sume that M is sufficiently large such that D is invertible

and A is full rank. With the terms defined in (5), the empir-
ical MSPBE is given by

EM-MSPBE(6) := 1[|A8 — bl|l5_, + 2[0]]*. (6)
Primal-dual Formulation of EM-MSPBE For any i €
{1,---,N}and any p € {1,--- ,M}, we define b, ; :=
ri(sp,ap)p(sp) and b == M~ 3" b, ;. Recall that b;
is only accessible to agent 7. To address this, we first notice
that minimizing (6) is equivalent to

éﬁ}éﬁ ~ Zz . EM-MSPBE,; () @)

where EM-MSPBE;(0) := ||A0 b; ||
is the cost that is private to agent i.

As inspired by (Nedic & Bertsekas, 2003; Du et al., 2017),
we transform EM-MSPBE;(0) to its conjugate form using
Fenchel duality. Then problem (7) is equivalent to

N M
ﬁ Dzt szl (WiAp9 - b;.,iwi

+41161%). ®)

+ 8ll0)2. Tt

min max
0cRd w;€R4 i=1,--- \N

1T _
— 5w, Dyw;

Define J; ,(6, w;) = (wiAPB — b;'—)iwi — %WIDPWZ' +
£116||?), then the global objective function is denoted
IO Awit)) == 1/(NM)YL, 000, Jip (6, wi),
which is convex w.r.t. the primal varlable 0 and is con-
cave w.r.t. the dual variable {w;}¥ |. In the following, we
study this problem by proposing a general hierarchical de-
centralized first-order algorithm that endows more flexibility
of mixing matrices and schemes.

3. Algorithm and Analysis

Assume that the IV agents communicate over a network
specified by a connected digraph G = (V, E), where V =
[N] :={1,---,N}and E C V x V are the vertex set
and directed edge set, respectively. Over G, define two
row stochastic matrices R, R> (and two column stochastic
matrices C'1, Cs) such that (Rl)ij = (RQ)ij =0 ((Cl)ij =

5p) (6(5p) — 19(sp41)) > Dy i= (s,)0 " (s,),

(C3)ij = 0 respectively) if (j,i) ¢ E. Here a matrix A is
said to be row (column) stochastic if A1 = 1 (1" A =
lT). In addition, we assume R; and R5 share a same left
eigenvector. Note the choices of such matrices are abundant,
e.g., let Ry = Ry be row stochastic and C; = Cy = RlT. It
is also worth noting that the proposed algorithm includes
PD-DistIAG as a special case by letting Ry = W, Ry =
I,Cy = W, and Cy; = I (Wai et al., 2018). Moreover, it is
much more flexible to construct such matrices over a given
graph G compared with the doubly stochastic ones in PD-
DistIAG. Thus the proposed approach works on directed
graphs to which PD-DistIAG may not be applicable.

Algorithm 1 Primal Dual Hierarchical Gradient Method
(PD-H) for Multi-agent Policy Evaluation

Input: Initial variables {6, w/ };c(y]. gradient surro-
gates s) = d? = 0, Vi € [N], step sizes y1,72 > 0, and
counter 7 = 0, Vp € [M]. Proper row stochastic matri-
ces (R1, R2) and column stochastic matrices (C1, Cs).
for k > 1do

The agents pick a common sample with index p; €

{1,---,M}.
Update the counter variables by
k7 P =Dk
w={ ®
Tp y D # Dk
fori e {1,2,--- ,N} do

Agent 7 updates the gradient surrogates as:

sh = Z (Cl)w i + 37 Z;V 1(C2)ij
-1 Fh-1
(V0T (05 W8) = Vo (07w )
(10)
dk = d}?71_~_
1 k=1 k—1
M[vw7jz7pk(0 ) qu‘],pk(e Z’k ’Wipk )]’
1n

where we define the initial values of gradients
VoJip(09,w?) := 0 and Vy,J; ,(0%, w?) := 0,
for p € [M]. Update the primal and dual variables
using the gradients surrogates s¥ and d¥ w.r.t. 0;

and w;:
9?+1 = Z (Rl)ljej a! Z (RQ)” J
(12)
Wil = wh 4 ~,dh. 13)
end for
end for

Generally speaking, our method utilizes new mixing matri-
ces to estimate the parameter variable and track the gradient
over space (across [N agents) and time (across M samples).
Proposed Method The following primal-dual gradient
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method is a prototype solving (8) in the single-agent setting:
O+t = 0% — 41 VoI (0°, {wl}HL,),
Wit = wF 4+ 9, Ve, J(0F {whE}Y )i € [N], (14)

where 1, 72 > 0 are step sizes. In the MARL model, how-
ever, it is challenging to implement this algorithm. Recall
in this setting agent ¢ only has access to the functions of its
own and the neighbor agents {J; ,,(-) : (j,4) € E}. More-
over, computing the batch gradient requires summing up
over M samples, which is expensive when M >> 1 as the
computation complexity would be O(Md). We tackle these
issues by combining the gradient tracking idea of (Qu & Li,
2018) with an incremental update scheme from (Schmidt
et al., 2017) in the following primal-dual hierarchical dis-
tributed incremental aggregated gradient (PD-H) method.
Here, sequences {s¥};>1 and {d¥}; > are introduced to
track the gradients w.r.t. 8; and w;, respectively. Each
agent ¢ € [N] maintains a local copy of the primal param-
eter, i.e., {6F}ic(n). At the k-th iteration, we update the
dual variable via gradient update using d¥. However, dif-
ferent form previous works, here each primal variable 02’”1
is obtained by first averaging both variables {6} and {s/}
over its neighbors specified by matrix R; and Rz, and then
updating the averaged variable with the averaged gradient.
The details of our method are presented in Algorithm 1.

Note that here s* and d¥ represent the surrogate functions

for the primal and dual gradients; s* = [sf, .- sk]
and d” := [d¥, ... ,d%] are the matrices with s¥ and

d* being their i-th column respectively. We also define

6" = [0}, ,0%]; wF .= [wF,.--,wk]. Moreover,
the counter variable is defined as T][’f =max{l >0:1<

k,p; = p}, which represents the last iteration when the p-th
sample is visited before iteration k, and we set Tzlf = 0if
the p-th sample has never been visited.

Now we analyze the convergence of the proposed approach.
We begin by defining the following concept that is needed
in the analysis.

Definition 3.1. A spanning tree of a directed graph (di-
graph) is a directed tree that connects the root to all other
vertices in the graph (see (Godsil & Royle, 2001)).

For any nonnegative matrix ¢ € R™*", we let Gg =
(Vig, Eq) denote the directed graph induced by the matrix
Q. where Vg = {1,2,...,n} and (j,4) € Egq iff Q;; > 0.
We define Rg as the set of roots of directed spanning trees
in the graph G.

Moreover, The following conditions are used commonly in
previous work. The first is to ensure that each sample is
picked up frequently in the algorithm.

Assumption 1. It holds that |k — 7F| < M,V p € [M],
k > 1, i.e., each sample is selected at least once per M
iterations.

Remark 1. The requirement |k — 7,7| < M can be relaxed
to |k — Tpﬂ < C - M for some constant C > 1. This
assumption is easier to be satisfied but will not change the
linear convergence proved latter.

The following assumptions are important to establish the
linear convergence rate.

Assumption 2. The empirical correlation matrix A defined
in (5) is full rank, and D defined in (5) is non-singular.

Beside, the proof of the convergence also relies on the as-
sumptions about the mixing matrices.

Assumption 3. R, Ry € R?*? are nonnegative and row
stochastic with a shared left eigenvector u of eigenvalue 1
and C;, Cy € R¥*? are nonnegative and column stochastic.
In addition, (R1);; > 0 and (Cy);; > Oforalli € V.

Remark 2. Given Ry, Rs canbe set as \I 4+ (1 — M) Ry, for
A € [0, 1] such that Assumption 3 holds. Moreover, here
(R1)# > 0and (C1); > 0 are necessary to ensure that
or, < landoc, <1, where or, and o¢, are the spectral
radii of (R, — 1u' /N) and (Cy — v1' /N), respectively.
Note though not mentioned explicitly, (Wai et al., 2018) also
requires the diagonal entries of the doubly stochastic mixing
matrix W are positive to ensure || — N~111" ||} o < 1.

Assumption 4. Each of the graphs G, and Gy contains
at least one spanning tree. Further, Rp, N Rclr £ (.

Let (6%, {w;}Y,) be the optimal solution of (8). Based on
these assumptions, now we can present the main theorem.

Theorem 1. Suppose that Assumptions 1-4 hold. Set
the step sizes as v2 = By,y1 = v with 8 := 8 (p +
Amax(ATD™1A)) /Amin(D), where ' := u'v/N and
v > 0. Define 8% = %Qku as the weighted average of
parameters. When the primal step size y is sufficiently small
, there exists a constant o € (0, 1) such that

16% — 0+ + (")2/(BN) i, [lwh — wi | = O(c"),
=50 |6F — 6| = O(d*).

If M, N > 1 and we have max{og,,0c,} =1 —¢/N for
some e > 0, then setting v = O(1/ max{M?, N?}) yields
a convergence rate 0 = 1 — O(1/ max{MN? M3}).

The above theorem shows that the iterates (6%, {wF}¥ )
generated by the proposed algorithm converge to the op-
timum in a linear rate which is the same as that in (Wai
et al., 2018). Therefore, as will be shown in the experiment,
the proposed method can achieve better communication ef-
ficiency by reducing the information transmission in each
epoch. Moreover, the consensus error of local primal vari-
ables & S°N [|6% — 6%|| also converges to 0 linearly. The
detailed proof of Theorem 1 is in the Appendix.
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4. Experiments

In this section we test our algorithm on the policy evaluation
problems for the mountaincar task (Du et al., 2017). We
obtain M = 5000 samples with d = 300 features generated
by a known policy. Given a sample p, each agent is assigned
randomly with local reward such that the average of the
local rewards equals 7.(s;, a,). We consider different con-
nection graphs: the ring and the Erdos-Renyi (ER) graph.
In these settings, we compare various advanced algorithms:
(1) PDBG: the centralized method in (14); (2) SAGA: the
centralized method proposed in (Du et al., 2017); (3) PD-
DistIAG: the decentralized method in (Wai et al., 2018); (4)
PD-H: the proposed method.

For the decentralized methods, we simulate networks of
N = 10 agents with the ring graph and N = 100 agents
with the ER graph. We first compare these algorithms’ com-
munication cost in each iteration, that is, the total number
of transmissions between the nodes in each round of update.
Then their optimality gaps vs. epoch number are examined.
Here we choose the step sizes y; = 0.005/Amax(A), v =
0.005. Figures 1 and 3 show the communication graphs
corresponding to the mixing matrices W in the PD-DistIAG
and R; in the proposed method for different topologies.
Weset Ry = Cy = 1,C1 = RlT in the first network and
Ro=R;,Ci =Cy = RlT in the second one. Note the left
undirected communication graphs of PD-DistIAG in Fig-
ure 1 and 3 can be regarded as special digraphs with each
undirected edge being equivalent to two in-and-out directed
edges. Given the graph in Figure 1a, the right graph in Fig-
ure 1b is formed by cutting its directed edges alternatively
in one direction. In contrast, if the left graph is considered
as an undirected graph as in PD-DistIAG, then cutting any
two of its undirected edges would result in disconnectedness
that prevents PD-DistIAG from converging. In the ER graph
case, we generate the graph in Figure 3a with connection
probability 1.11log(N)/N. Basing on this graph, the right
digraph in Figure 3b is formed by randomly cutting 21%
of its directed edges. Note that cutting the same ratio of
its undirected edges reduces the connection probability to
0.981log(N)/N, which will also lead to disconnectedness
with high probability (Erdos & Rényi, 1960) that prevents
PD-DistIAG from converging.

Figures 2 and 4 compare the optimality gaps of the objective
function versus the epoch number, which is defined as ¢ /M.

10 10

(a) PD-DistIAG (b) PD-H (reduce by 25%)

Figure 1. Communication Graph in Algorithms (Ring graph).

Their communication graphs are in Figure 1 and Figure 3
respectively. Recall the number of links in the graphs is in
proportion to the communication cost and the number of
summations over agents in each iteration. Therefore it can
be observed from Figure 1 and Figure 3 that in both settings
the proposed approach saves more than 20% communication
per iteration. Moreover, Figure 2 and Figure 4 show that
when p > 0 the convergence of PD-H is comparable to
that of the centralized method SAGA. When p = 0, though
slower than the centralized method SAGA, the advantages of
PD-H over other methods are more obvious as more epochs
are needed to reach the minimum due to the adversarial
conditional number. It consistently converges faster than the
PD-DistIAG, while requiring less communication in each
iteration. Such results can be observed generally in other
settings of parameters as shown in Table 1.
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Figure 2. Convergence Comparison (Ring graph).
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Figure 3. Communication Graph in Algorithms (ER graph).
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Figure 4. Convergence Comparison (ER Graph).

Table 1. Comparison in various settings of parameters.

(N,Epoch, p) graph | communication optimality gap
(10,300,0.01) Star reduce by 17% improve by 7.3e-09

(10,5000,0) ER reduce by 21% improve by 6.6e-05
(500,300,0.01) Ring reduce by 25% improve by 3.9e-09
(500,5000,0) ER reduce by 21% improve by 5.6e-05
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A. Lemmata to Prove Theorem 1

By Assumption 3, we directly have the following result.

Lemma 1. Under Assumption 3, the matrix C1 has a non-
negative right eigenvector v with eigenvalue 1 satisfying
1"v = N (see (Horn & Johnson, 1990)).

The proof of Theorem 1 also needs the following lemmata.
Lemma 2 ((Pu et al., 2018)). Suppose Rr, # 0 and
Rclr # (. Then under Assumption 3, it holds that
Rp, N Rey # 0 if and only if u' v # 0.

We know Assumption 4 essentially ensures sufficient con-
nections given by Ry and Cy. By the definition of 7’ and
Lemma 2, this guarantees r’ # 0.

Lemma 3. Under Assumption 1-4, we have the following
linear inequalities:

k+1 5 T
[H0k+1 0:+11qu
"+ —sFHiv |

max . oar), <s<k [|0° — 01|
max (), <s<k [[8° —8°V'||
max—anr), <s<k [|2°]]

< Qo , (15)

where matrix Qo = [q;] is defined as

OR; +7032H V_IHﬁ

qii| _ _
[QZJ lGCQPIIRl —1I|s +v(0c.p®| Rav] 5 + 00, A%B)

Q12| _ YOR,
Q22 oc, +oc,pyllRells]’

!

q13|__
|:QQ3] [ﬂ(002L267m+ ¢, L*7|| Rav|)) max{1, Y2

P

(16)

\/ifyURzH V= 1||Lmax(17 \/B)
} )

Here for s > 0, we define

0° — 0"
\/[W(Wi - wi)

T

,  L:=max{p, A, D}

]
I

/
r

\/[W(WJS\/ —wy)

with A and D being defined as

A= max [|Aylls, D= max [Dylls.  (17)

Lemma 3 gives the progress of the consensus errors of 8
and s. This will help establish the relation between the

optimality gap progress and the consensus error progress
in one iteration in the proof of Theorem 1. By analyzing
this inequality system, we can find the sufficient condition
that guarantees the linear convergence of the proposed algo-
rithm.

The proofs of the lemma and the theorem are in the follow-
ing Appendix B and Appendix C.

B. Proof of Lemma 3

To establish the progress of the consensus errors of 8 and s.
Firstly we define the gradient vector

J;D(kaﬂk> = [lep(elfvwlf)’ T 7‘]N,p(9§i\)fvwl]if)]'

Then the update of s¥ and % in (10) and (12) for i €

{1,---, N} can be written in a compact form:
st =st10]
1 k Tk7 kal T
+ M [VQJPk (0%, w") — Vodp, @77k Wk )] Cy
(18)
0" =0"R| —yis"R] (19)

Moreover, we define the weighted average of 0" over
columns by ¥+1 := %Qk“u. Then by the definition of u
we have

_ 1
g+l .— N(gkRI —nsfRJ )u
=" - %gR;—u

:%—%%L (20)

where the last two equalities use Assumption 3. It follows
from (20) and (19) that

gr+l _ gk+1qT

= (0"R| —y1s*R)) — (6’_1’C + %gu)l—r

- Tu’
— (8"~ 0"1T)R] —ms" (R — )"
- 1u’ T
= (0" - 6"1")(R, - )
Tu’
— (s —8"17)(Ry — T)T. Q1)

Equation (21) gives an expression of the consensus error of
the column vectors in 851,
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Similarly, the average of s**! is defined as s**! :=

%§k+11. We can also consider the consensus error of vec-

k1 _ ghtlyT |

[E

< Ucllls —shvT|

tors s* 1 with respect to its weighted average ) k
00y (|8 — @ | 4 AWt — W )
) <og,|s® =8V T
1 _
.. e S (ol )+ Alwt+ - )

- (M [VBJ‘D’““ (0k+1 k—H) - VQka+l (QT%“ aﬂTpkﬂ )]) l:Tl‘]karl

vl' <o, st =87
. (02 - T)T +§k01T —skvT &

! T I pT
! o Foa > (@R —D)T) =R
— (H[VerHl(gkﬂ k+1) VGka+1(9 PE4L W pk+1)]) .
Tl

‘71—r T VIT T +')/2AHQ H),

(G- )+ sV(G - ) (22)

Recall that we define o, as the spectral radii of (R; —
1u' /N), fori = 1,2. Then By (21), we have

HQk+1 _ ék+11T ||

< URlHQk -
< URl||0k -

0° 17| + yioR,|Is* — 817
B_leH +’7101?2||s —5 VTH

+710R, || v — 1] 8"

<op,|0" - 9’“1T|| + 710k, 8" =8V | +y0m, ] v -1
P = LSS Ve @ ) Iv-1|
8" — =7 0Jip(077,wW,;" ‘+'YlUR2 v -
NMZ 1p=1
1 N M . &
N7 o Va7 w7
NM i=1 p=1
N M
e Yo |
i=1 p=1
< _ s __psqT
_(URI+VUR2||V l”m) e 07— 617

+90R, 8" = 8"V +y0R, [ v — 1]l

max 10° — 6*|| + vor,| v —1]|A

(k M) <s<k

(23)

(Wi —wil.

1
B v 2]

Similarly, we define o¢; as the spectral radii of (C; —
v1'/N), fori = 1,2. Then it follows from this defini-
tion and (22) that

where the last inequality uses the update equations (12)-(13)
of the primal dual variables. Thus we have

H§k+1 _ §k+1v'l'||

< o, ||s" — 87|

k
1 _
toco(p Y 10 =0 ) (R DT +olsR |
I=(k—M),
+32Ald')
(a)
< oc, 8" 87|
1 b _
tocoz(p D @ -0 -1
I=(k—M)4

+ 0l =5V RL | + ol Bav IS + 72 Alld’ - d7)))
(b)

< oclls* — s
1 k
l i1 T T
tocoz(p D (1@ -0 (R -DT|
I=(k—M)
+pll(s' ~svT)R] |
1 M .
ol Rav S = 7] + 2242 3107 — 071

p=1
+ 94D Zuwrv—w )

where in the last inequality we use the Lipschitz property
of the dual gradient surrogate d' with respect to (w.r.t.) the
primal and dual variables. Note that inequalities (a) and
(b) follow from the optimality condition of the problem (8)
with respect to w; for ¢ € [N]:

M * *
% Zi:l Vi, J1,p(0%, W1)
d* .= =0,
1 M * *
M Zi:l VWN ']N,P(e >WN)
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and also the optimality condition with respect to 6:

N M

s* := NMZZVQJZ,,O W) =

i=1p=1

For any given matrix @, let ||Q]|s denotes its spectral norm.
Therefore it follows that

H§k+1 _ §k+1VT”

< (e tocuplRalls) | max s’ —s'v]
tootr Y. [Ri-1s|e' - 61|

(k—M) | <s<k

A_2
= 0° —0"1"
+UC2M Z 12 (1— M)+<s<lH I
(k—M) <I<k
AD s »
toc5r Z Y2 (l_]\r}ﬁésgll\w —w'
(k—M); <I<k
tootr Y ARl -6
2M \/N ~

(k—M) 4 <I<k

+p  max _[6°— 6%
(I— M) <s<l

N

Jrﬁ (1— M+<s<lZHW B ”)

Further bound the summations in the right hand side (RHS)
of the above inequality we have

H§k+1 _ §k+1VTH

max T

st —slv
(k—M) 4 <I<k

< (oc, +0c,py||R2|s)

1
+ (oc,pl Ry =I5 + Uczp2’y||R2V||ﬁ)

max |6° —6°1"
(k—2M); <s<k
A? 0° — 01"
+oc, A%y (o e |
+ 0,0 || Rav || max 160° — 6%

(k—2M) <s<k
o _ 1
+ (00, ADya + ocpAvnsznﬁ)
- max [[wf - wi
(k—2M) 4 <s<k
24)

which further implies

s+ — gk+ivT|
(c)
< (001 +ocmlifalls) Agl)axqq Is" —s'v T

+ (0c,pllRy — 1[5 + 0,V Rav || —= \ﬁ +0c,A%)

max |6° —6°17|
(k—2M); <s<k
+(ch 2%2V'N + oc,p*y||Rav]))

16° — 67|
(k 2M)+<s<k:

_ _ 1
+ (0, ADv2 + UC2PA’YHR2V||W)
max lw®—w*], (25)

(k 2M), <s<k

where we use the triangular inequality in (c).

C. Proof of Theorem 1

For any 8 > 0, by the optimality condition, the primal-dual

optimal solution to the optimal problem (8), (6%, {w}¥,),

satisfies

6" 0
7,—%/1\[ WT A/ %Bl
G . = — . , (26)
ARV \ Sbw
where we define the constant 1’ := LN" and

pr'l 1/%AT %AT
—/J5A LD ... 0
N r X))

7 N
—\/2A 0 gD

Forp € {1,--- , M}, G, is defined as
'L\ JEAT o (\JEAT
—JEA =R p) 0
e S @8

iAo o,

By definition G = £ 37 | G,. Define 6 = %QTQ’C
as the weighted average of the parameters at iteration k.
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Furthermore, define

N
_ 1 ~
he (k) := pB* + v > ATwi (29)
1=1
R 1
Jo(k) = N§ku
hw, (k) := AB* — DwF — b, (30)
1oL ok
Iw, (k) :== M (Ap0," —Dypw,;” —by;),
p=1

where hg (k) and hwi (k) represent the batch gradients w.r.¢
0 and w; at (%, w). It can be checked that 8*+1 = 6% —
Y19e (k) and Wk+1 = w¥ — Y994, (k) for all kK > 1. That
is, the primal- dual variables 65+ and w1 are updated

with gg (k) and g, (k). We also define h(k) g(k), and v*
by
’he 9o (k)
th - %gw1 (k)
nk) = | cgk =] ,
- \/ %th (k) Y, %gWN (k)
(3D
0° — 0"
Zw (Wi = wi)
o= | Y . (32)
e (wh —wi)
Note (29) and (30) can be written as
(k) r'he (k)
r’ k B B
T W1 thl (k) - Nbl
|V = . RNEE)
r’ . k . ~
AN WN ) Zhwy (k) — y/Lby
Combining (33) and (26) yields
h(k) = Go". (34)
By the analysis similar to (Du et al.,, 2017), it can

be shown that under Assumption 2 and with g :=
81’ (p+Anun(A D~'A))

, G is full rank whose eigenvalue sat-

Amin (D)
isfying
(D PP
)\max(G) < ‘ e E]/j)‘ mdx([)T"I""f’/ATD 1A)
o ;nln - R
Amin(G) > 5 — Amin(ATD7TA). (35)

Furthermore, assume G := UAU™! to be the eigen-
decomposition of G, where A is the diagonal matrix of
G's eigenvalues; the columns of U are the eigenvectors.
Then let U satisfy

/| Amax (D) ‘(p F A (ATDA))

min )

I <8

U] < L (36)
pr’ + 1" Anax (ATD-1A)

Furthermore, we define the upper bounds of the spectral
norms by

G :=[|Glls, G= max [Gylls, (37)
A= max |A,ls, D— _max |IDylls-  (38)
p=1,-- M =

We also define the Lyapunov function as
1 & .
O Al
i=1

Next, recall that ; := - and 2 := . In the following we
establish a bound on the optimality gap of the primal-dual
variables, v*. Note that v* 1 = v* — vg(k). Thus we have

v = (I-1G)" +(h(k) —gk). (39
Now we consider the difference h(k)
can be written as

— g(k). Its first block

(h(k) — g(k)]x
=1'he(k) — o (k)
= —i( F_shvTu — l§kVTu+ 7' he (k)
N N ’
= f%@k —s"vT)(u—1) +7'(he(k) —8%). (40)

Foranyi e {1,---
[b(k) — g(k)]ita

ﬂ 1 M A ”',lf T:
:\/;M;Ap(e’f—ei )+Dp(W§—W,; )
B ﬂ 1 M _ B
_\/;M;Ap@k_

ﬁ 1 M
+\/;M;

We construct the residual vector €.(k) as the following:
the first block of g,(k) is —%@k —sfvT)(u - 1) +

, N}, the (¢ 4 1)-th block is

A, (én’f —o" ) (41)
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k
i 1 Zp 1 (0 0% ) and the remaining blocks

areglvenby Zp LA, <0p 0 ),icl, - N.
By (40), (41), and the definition of G, in (28), we have the

following simple form of h(k) — g(k):
| M k—1
h(k) —g(k) —.(k) = 37 D Go( D Av()), 42)
p=1 j=Tk
where we define
6+ — g
| AT wd)
N . (43)
(Wi —wy)

Note it holds that Av/ = viT!
(43) can also be written as

Av’ = 7[h(j) —

— vJ. From (39), AvJ in

g(7)] — vh(j). (44)
1 on both sides of (39) results in
T = (1-1G)8" ++(h(k) —g(k), (45)

where @k := U~'w*. By Combining (42), (44), and (45),
we have

8" < T A"

Multiplying U~

|+ 1T lR(k) — g®@)]
< L= AL + A1) e ®)]

ZHG Z v/l

< |T— Al 2" +v||U‘1II{H§c(k)II
~ M k-1
10N S [InG)+ G - s}
p=1j= T

(46)

where G is defined in in (37). By further bounding the
right-hand side of (46) we have

1841 < T = AANIE* ) + A0 1 leo ()]

+1G ki:l (J')Il]}

G=(k—M).

< L= AN+ 21T I { k)]

k-1
+G Z

[ + () -

[Iléc(j)ll +GlUI2’|

Jj=(k—M)+

_ k—1
Gl Y B @

j=(k=M)+

Moreover, ||, (k)| can be upper bounded by
e ()

1 & _ 1L
< =3 [+ AVEN) (5 S8 - 67 )]
p=1 i=1
1 k T
+ oy llu—=1llls |
<(pr' +A\/BN) max e.(q)

Thus, we can bound [|[3" || by

e

< IT=~A|||3") +C a

< T —~A[l[[2"] + 1(’7)( oA oy
+Co(y)  max  eclq)+Cs(y)s" sV,

(k—2M){ <q<k
(48)

where constant C (), C2(7) , and C3(7y) are defined as

Ci(v) = V?|IU[lUHIGM (G + 2GM),
Co(y) = y|U (1 +~GM)(pr’ + A\/BN),
_ 1 _
os) = e e, )

Now combining (23), (25), and (48) yields

||Qk+1 . o_kJrllT ‘

||Sk2+1 _ §k+1VT||
~k+1
[Canal

max(,_anr), <s<k |0 — 651" |

< QM) | max(u_nn), <s<k |[8* =8V |, (50)
max(x—anr), <s<k |||
where matrix Q(7) is defined by
OR,y + YOR, ” A 1“\/% YOR, 06(7)
Q) = 107(7) Ca(v) Cs5(7)]
WCQ () C3(v) Cs(v)
and

Ci(v) :==0¢, +ac,py|Rells

Os(1) = Vi (oc, VB

L2yVN + o, L[| Rov||) max{1, -

V2y0 g, || v — 1||L max(1, @)

Cs(7y) :=
C7(v) = 0c,pllR1 = Il|s + (00, 0% | Rav] —= \/— +00,A%B)

Cs(7) == |1 — Al + Ci(), (51)
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with L := max{p, A, D}. Note that G’s eigenvalues are
bounded in (35). Thus by setting the step size - to be small
enough we can ensure |1 — yA|| < 1. Hence there exists
some « > 0 such that |1 — yA|| = 1 — ya. Moreover, the
upper bound of |U|| and ||U~1|| are given in (36).

Now define

a1 = ol v — 1=
VN
az = V20p, || v — 1| Lmax(1, \/5/r')
as := UCszRl - IHS
ayq =

0C, P ||R2V||\/*+0C2A25

as = 0c,pl| Rzl s

a6 := V2(00, I*BVN + 00, L*| Rav]) maxc{1, \//r'}

ar = \/LNHU_lH(pr’ + A\/BN)
ag := \/LNHUAHQGM(;W' +Am)
a0 = U [U-H|GM(G + 26M)
1
ay = ||u ” U111+ G).

Observe that when v < 77 we have

OR, +a17vy OR,Y as’y
Q<L Q= az+ayy o¢ +asy ag”y ,
ary + asy? a0y (1 —~ya+agy?)

when the inequality means () is entrywise less than ;.

Now consider

g(o) = lol — Q1| =

0 —O0OR, — any —O'R2’y —ag7y
—a3 — aq”y o— 00, — a5y —ae?Y
—ary — agy? —aipy o~ (1-va+a9y?)
Therefore

g(0) = (0 — (1 —va +7ag))go(0)
— (a7y + (18’)’2)(032%‘72 +agy(o — oo, — a57))
— alofy(ag'y(ag + aqy) + agy(oc — og, — aw)).
where
go(0)
= (0 —oRr, —a1y)(0 — 0, — asy) — oR,v(as + asy).

Without loss of generality, assume or, < oc,. We define

7 :=o0c, + (a1 +a5)y + \V/or,v(as + asy). Itis easy to

checked that for all o > &, we have

go(0) > (o — )%

Now we define

2az(a7 + ag)

ot = max{vf + (1 — ya +~v2ag), 5 +
a

a3~*(ar+asy)?

2a60 + (a7 + agy?)oR,a67y
+610’V+f{ o (E 87 )0 R, 06
1
azaioy(as + asy)
+ o
1

N azy(ar + as?) (aw + oryY(as + as7))
N asar0y(oc, — oR, + a5'y + Vor,y(as + as)) }i}

4

(52)
For all o > o*, it holds that
g(o) > (o0 — (1 —ya++%ag)) (0 — 5)*
— (a7y + a8'72)(UR2a6'72 +agy(o —oc, — as’Y))

— a107(azy(as + asy) + agy(0 — or, — ar17))

> 2 (c—5- 2a27(a7 +agy) 2a6a107)2
4 o} o
a2v3(ar + agy)? )
_ M — asy?(ar + agy)(@ — o — asy)

— (a7 + agy?)or,a67? — aza107?(as + as”y)

— agaio’ (5 —OR, — aw)
> 0.

Now from the Perron Frobenius theorem one can conclude
that p(Q) < o*. Moreover, by Assumptions 3-4, one has
max{og,,0c,} < 1 (Puetal, 2018). As a > 0, there
exists a sufficiently small -y such that 0* < 1, which implies

p(Q) <1

Next, let us consider the asymptotic rate when M, N > 1.
Note that the proposed algorithm converges if o* < 1. Let
us consider the first operand in the max{-} of (52). The first
operand will be less than 1 if 0 < 7 < % since

B+177a—’yza9§1—%<1.

1 (53)

By the definition of ag, this requires v = O(1/M?) if

M > 1.

Note that we have ¢, = 1 — & for some positive e. Sub-
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stituting this into the second operand in (52) yields

(&
-5+ (2a1 + a5)y + Vor,v(as + asy)

2a97v(a7 + a 2a¢a
i 27( 7 8’Y) + 6107
« «

4
+ \ﬁ{a [ag’Y(@ +agy)? + (ary + asy*)or,as

+ az(a7 + agy) (aw +Vor,y(az + aﬂ))

+ agalo(ag + a4'y) + agaqg (5’ —OR, — alfy)} } .
(54

Nl

Therefore, to guarantee o* < 1, it’s sufficient to let -y satisfy
(53) and (54).

Now let us consider the asymptotic rate when N, M > 1.
Observe that a; = O(1), as = O(VN), a3 = O(1), ay =
(1), a5 = (1), ag = O(VN), a7 = (1), ag = O(M),
and a1g9 = o(1). Therefore Eq. (54) can be approximated
by

1= +601) + O(y7) +90(VN) + 0(—)

VIOV + VN7 E). (55)

To ensure (55) is less than 1 — 5%, it requires
that v = O(ﬁ) In summary, by setting v =
O(1/ max{N? M?}) we have 0* < max{l —~v§,1 —
e/(2N)} =1 — O(1/ max{N?, M?}).



