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Abstract
Policy evaluation problems in multi-agent rein-
forcement learning (MARL) have attracted grow-
ing interest recently. In these settings, agents
collaborate to learn the value of a given policy
with private local rewards and jointly observed
state-action pairs. However, most fully decentral-
ized algorithms treat each agent equally, without
considering the communication structure of the
agents over a given network, and the correspond-
ing effects on communication efficiency. In this
paper, we propose a hierarchical distributed al-
gorithm that differentiates the roles of each of
the agents during the evaluation process. This al-
lows us to freely choose various mixing schemes
(and corresponding mixing matrices that are not
necessarily doubly stochastic), in order to reduce
the communication cost, while still maintaining
convergence at rates as fast as or even faster than
the previous approaches. Theoretically, we show
the proposed method, which contains existing dis-
tributed methods as a special case, achieves the
same order of convergence rate as state-of-the-art
methods. Numerical experiments on real datasets
demonstrate the superior performances of our ap-
proach over other advanced algorithms in terms of
convergence and total communication efficiency.

1. Introduction
Reinforcement learning has recently witnessed enormous
progress in applications like robotics (Kober et al., 2013)
and video games (Mnih et al., 2015). Compared with
single-agent reinforcement leaning, multi-agent reinforce-
ment learning (MARL) requires that each agent interacts
with not only the environment, but also other agents, which
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makes the learning tasks more challenging. In this paper,
we study the policy evaluation problem in MARL with local
rewards. In such scenarios, all the agents share a joint state
whose transition depends on the local rewards and actions of
individual agents. However, because of practical constraints,
each agent only observes its own local rewards but doesn’t
know those of the others. To achieve the optimal global re-
wards, which is the sum of local rewards, the agents need to
exchange their information with others. This type of setting
is motivated by broad applications like traffic signal control
(Prabuchandran et al., 2014), sensor networks (Rabbat &
Nowak, 2004), and swarm robotics (Corke et al., 2005).

To handle the robustness and scalability problems of cen-
tralized policy evaluation methods in MARL, (Lee et al.,
2018; Wai et al., 2018) propose fully decentralized methods,
where each agent only communicates with its neighbors
over a network. However, like most of their predecessors,
their approach requires undirected connections or doubly
stochastic mixing matrices generated directly from the ad-
jacency matrices of undirected graphs. For directed graphs
(digraphs), however, only a special type of them admits
a doubly stochastic mixing matrix, and even for them, a
general method to construct such matrices is still lacking
(Gharesifard & Cortés, 2010; 2012). Moreover, in previ-
ous work that requires doubly stochastic mixing matrices,
all agents’ roles are essentially the same in the sense that
they all need to send variables and gradients information to
neighbors and receive such information from them. This
may cause the agents to communicate too frequently when
they are already well connected. In this paper, a hierarchical
algorithm is proposed to handle these problems. By properly
designing the mixing matrices in the proposed algorithm, it
is possible for an agent to receive information from another
agent to update its variable without sending such informa-
tion to it (analogous to the Master-Workers relationship (Li
et al., 2014) in a star network with a central node). Another
advantage of the proposed algorithm is that it not only in-
cludes the mixing scheme in the previous work as a special
case, but also includes other mixing schemes that haven’t
been considered before. The experiments show that the hier-
archical structure can save communication in each iteration
and still have better convergence performance than the pre-
vious approaches. Theoretically, the proposed algorithm is
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proved to converges linearly with the same order of rate as
the state-of-the-art approach though it is much more general
than the latter. The analysis is of independent interest for
solving general saddle-point problems with convex-concave
cost on decentralized agents.
Related Work The study of MARL dates back to (Littman,
1994; 2001; Lauer & Riedmiller, 2000). For more recent
works see also (Hu & Wellman, 2003; Arslan & Yüksel,
2017). However, most of them suffer from the curse of
dimensionality since they exploit the tabular setting. To
resolve this issue in the policy evaluation under the MARL
framework, linear function approximation and actor-critic
algorithms are studied by (Lee et al., 2018) and (Zhang
et al., 2018) respectively. For the policy evaluation in signal-
agent RL, the primal-dual formulation is studied in papers
like (Lian et al., 2016; Dai et al., 2017a; Chen & Wang,
2016; Wang, 2017; Dai et al., 2017b; Du et al., 2017). In
the multi-agent setting it is studied by (Macua et al., 2015;
2017; Wai et al., 2018). Our work is more related to (Wai
et al., 2018) with the difference that our algorithm allows
hierarchical structures of communication and more general
mixing schemes. In the works that generally minimize a sum
of convex local cost functions (Tsitsiklis et al., 1986; Nedic
& Ozdaglar, 2009; Shi et al., 2015; Qu & Li, 2018; Ren
et al., 2017; Ren & Haupt, 2018; 2019; Ma et al., 2018b;a),
our algorithm is closely related to stochastic average or in-
cremental gradient (Pu et al., 2018; Schmidt et al., 2017;
Defazio et al., 2014), with the difference that our objec-
tive function is a double sum of convex-concave functions
and we consider hierarchical structures and new mixing
schemes as well as their effects on efficiency. As far as we
know, the proposed algorithm is the first to work on directed
graphs with hierarchical structures, and allows rich options
of mixing schemes to solve decentralized convex-concave
saddle-point problems in MARL.
Notation For a vector a = (a1, · · · , as)> ∈ Rs we denote
‖a‖ := (

∑s
i=1 |ai|2)1/2. For a matrix A = [aij ] ∈ Rs×k,

we define ‖A‖ := (
∑s
i=1

∑k
j=1 |aij |2)1/2 and ‖A‖1,∞ :=

maxi=1,··· ,s{
∑k
j=1 |aij |}. Given a matrix H ∈ Rs×s, we

define ‖v‖H :=
√

v>Hv for any vector v ∈ Rs.

2. Problem Formulation
In this section, we introduce the multi-agent Markov deci-
sion process (MDP). Then as shown in (Du et al., 2017), we
can reformulate the policy evaluation problem as a primal-
dual convex-concave optimization problem.

Now consider a network of N agents. We are interested in
the multi-agent finite MDP:

(
P~a,S, {Ai}Ni=1, {Ri}Ni=1, γ

)
,

where S denotes the state space, Ai is the action space for
agent i, Ri is the reward space for agent i, and γ ∈ (0, 1)
is the discount factor. P~a ∈ R|S|×|S| is the state transition
matrix under a joint action ~a ∈ A1×A2×· · ·×AN , where
P~a(s, s′) denotes the transition probability from s to s′. The

local reward received by agent i after taking joint action ~a at
state s is denoted by ri(s, ~a). It is private for agent i, while
both s and ~a are observable by all agents.
We know in this setting the agents are coupled together
by the state transition matrix P~a. As a motivation, this
scenario arises from large-scale applications such as sen-
sor networks (Rabbat & Nowak, 2004; Cortes et al., 2004),
robotics (Kober et al., 2013), and power grids (Dall’Anese
et al., 2013). Moreover, a policy π(~a|s) is the condition-
al probability of taking joint action ~a given the current
state s. We define the reward function of π as an aver-
age of the local rewards: Rπ

c (s) := 1
N

∑N
i=1R

π
i (s), where

Rπ
i (s) := E~a∼π(·|s)

[
ri(s, ~a)

]
. The goal for the agents is

to collaboratively find a joint action-selection π that max-
imizes the global return. Note that a policy π induces a
transition matrix Pπ over S, whose (s, s′)-th element is
given by [Pπ]s,s′ := Eπ(·|s)[P~a]s,s′ .

Policy Evaluation A key step in reinforcement learning is
policy evaluation. Efficient estimation of the value function
of a given policy is important for MARL. For any given
joint policy π, the value function V π: S → R, is defined as

V π(s) := E
[∑∞

p=1 γ
p−1Rπ

c (sp)|s1 = s,π
]
. (1)

Let us construct the vector Vπ ∈ R|S| by stacking up V π(s)
in (1) for all s. Then, Vπ satisfies the Bellman equation

Vπ = Rπ
c + γPπVπ, (2)

where Rπ
c is formed by stacking up Rπ

c (s) and Pπ is de-
fined above. Furthermore, Vπ can be shown as the unique
solution of (2).
To scale up when the state space size |S| is large, here we
approximate V π(s) using the family of linear functions{
Vθ(s) := φ>(s)θ : θ ∈ Rd

}
, where θ ∈ Rd is the pa-

rameter, φ(s) : S → Rd is a feature map consisting of d
features, e.g., a dictionary induced by tile coding (Sutton &
Barto, 2018). We define Φ :=

(
· · · ;φ>(s); · · ·

)
∈ R|S|×d

and let Vθ ∈ R|S| be formed by stacking up
{
Vθ(s)

}
s∈S .

Our aim is to find θ ∈ Rd such that Vθ ≈ Vπ , which mini-
mizes the mean squared projected Bellman error (MSPBE)

MSPBE∗(θ)

:= 1
2

∥∥ΠΦ

(
Vθ − γPπVθ −Rπ

c

)∥∥
H

+ ρ
2‖θ‖

2, (3)

where H = diag[{µπ(s)}s∈S ] ∈ R|S|×|S| is a diagonal ma-
trix whose diagonal elements are the stationary distribution
of π, ΠΦ : R|S| → R|S| is the projection onto subspace
{Φθ : θ ∈ Rd}, and ρ ≥ 0 is a regularization parameter.
When Φ>HΦ is invertible, (3) can be further reformed as

MSPBE∗(θ) = 1
2‖Aθ − b‖D−1 + ρ

2‖θ‖
2, (4)

where A := E
[
φ(sp)

(
φ(sp) − γφ(sp+1)

)>]
, D :=

E
[
φ(sp)φ

>(sp)
]
, and b := E

[
Rπ
c (sp)φ(sp)

]
. Here the
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expectations are taken with respect to the stationary distri-
bution µπ . In practice, these expectations are estimated by
a finite dataset with M transitions {sp,ap}Mp=1 simulated
from the multi-agent MDP using joint policy π. The next
state sM+1 of sM is also observed. Then the empirical
versions of A, D, b, denoted respectively by Â, D̂, b̂, are
defined as

Â :=
1

M

M∑
p=1

Ap, D̂ :=
1

M

M∑
p=1

Dp, b̂ :=
1

M

M∑
p=1

bp,with

Ap := φ(sp)
(
φ(sp)− γφ(sp+1)

)>
, Dp := φ(sp)φ

>(sp),

bp := rc(sp,ap)φ(sp), (5)

where rc(sp,ap) := N−1
∑N
i=1 ri(sp,ap). Here we as-

sume that M is sufficiently large such that D̂ is invertible
and Â is full rank. With the terms defined in (5), the empir-
ical MSPBE is given by

EM-MSPBE(θ) := 1
2‖Âθ − b̂‖D̂−1 + ρ

2‖θ‖
2. (6)

Primal-dual Formulation of EM-MSPBE For any i ∈
{1, · · · , N} and any p ∈ {1, · · · ,M}, we define bp,i :=

ri(sp,ap)φ(sp) and b̂i := M−1
∑M
p=1 bp,i. Recall that b̂i

is only accessible to agent i. To address this, we first notice
that minimizing (6) is equivalent to

min
θ∈Rd

1
N

∑N
i=1 EM-MSPBEi(θ) (7)

where EM-MSPBEi(θ) := 1
2‖Âθ − b̂i‖

2
D̂−1

+ ρ
2‖θ‖

2. It
is the cost that is private to agent i.

As inspired by (Nedic & Bertsekas, 2003; Du et al., 2017),
we transform EM-MSPBEi(θ) to its conjugate form using
Fenchel duality. Then problem (7) is equivalent to

min
θ∈Rd

max
wi∈Rd,i=1,··· ,N

1
NM

∑N
i=1

∑M
p=1

(
wiApθ − b>p,iwi

− 1
2w>i Dpwi + ρ

2‖θ‖
2
)
. (8)

Define Ji,p(θ,wi) :=
(
wiApθ − b>p,iwi − 1

2w>i Dpwi +
ρ
2‖θ‖

2
)
, then the global objective function is denoted

by J(θ, {wi}Ni=1) := 1/(NM)
∑N
i=1

∑M
p=1 Ji,p(θ,wi),

which is convex w.r.t. the primal variable θ and is con-
cave w.r.t. the dual variable {wi}Ni=1. In the following, we
study this problem by proposing a general hierarchical de-
centralized first-order algorithm that endows more flexibility
of mixing matrices and schemes.

3. Algorithm and Analysis
Assume that the N agents communicate over a network
specified by a connected digraph G = (V,E), where V =
[N ] := {1, · · · , N} and E ⊆ V × V are the vertex set
and directed edge set, respectively. Over G, define two
row stochastic matrices R1, R2 (and two column stochastic
matrices C1, C2) such that (R1)ij = (R2)ij = 0

(
(C1)ij =

(C2)ij = 0 respectively
)

if (j, i) /∈ E. Here a matrix A is
said to be row (column) stochastic if A1 = 1 (1>A =
1>). In addition, we assume R1 and R2 share a same left
eigenvector. Note the choices of such matrices are abundant,
e.g., let R1 = R2 be row stochastic and C1 = C2 = R>1 . It
is also worth noting that the proposed algorithm includes
PD-DistIAG as a special case by letting R1 = W,R2 =
I, C1 = W, and C2 = I (Wai et al., 2018). Moreover, it is
much more flexible to construct such matrices over a given
graph G compared with the doubly stochastic ones in PD-
DistIAG. Thus the proposed approach works on directed
graphs to which PD-DistIAG may not be applicable.

Algorithm 1 Primal Dual Hierarchical Gradient Method
(PD-H) for Multi-agent Policy Evaluation

Input: Initial variables {θ1i ,w1
i }i∈[N ], gradient surro-

gates s0i = d0
i = 0, ∀i ∈ [N ], step sizes γ1, γ2 > 0, and

counter τ0p = 0, ∀p ∈ [M ]. Proper row stochastic matri-
ces (R1, R2) and column stochastic matrices (C1, C2).
for k ≥ 1 do

The agents pick a common sample with index pk ∈
{1, · · · ,M}.
Update the counter variables by

τkp =

{
k, p = pk

τk−1p , p 6= pk.
(9)

for i ∈ {1, 2, · · · , N} do
Agent i updates the gradient surrogates as:

ski =
∑N
j=1(C1)ijs

k−1
j + 1

M

∑N
j=1(C2)ij

·
[
∇θJj,pk(θkj ,w

k
j )−∇θJj,pk( θ

τk−1
pk
j ,w

τk−1
pk
j )

]
(10)

dki = dk−1i +

1
M

[
∇wi

Ji,pk(θki ,w
k
i )−∇wi

Ji,pk(θ
τk−1
pk
i ,w

τk−1
pk
i )

]
,

(11)

where we define the initial values of gradients
∇θJi,p(θ

0
i ,w

0
i ) := 0 and ∇wi

Ji,p(θ
0
i ,w

0
i ) := 0,

for p ∈ [M ]. Update the primal and dual variables
using the gradients surrogates ski and dki w.r.t. θi
and wi:

θk+1
i =

∑N
j=1(R1)ijθ

k
j − γ1

∑N
j=1(R2)ijs

k
j

(12)

wk+1
i = wk

i + γ2d
k
i . (13)

end for
end for

Generally speaking, our method utilizes new mixing matri-
ces to estimate the parameter variable and track the gradient
over space (across N agents) and time (across M samples).
Proposed Method The following primal-dual gradient
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method is a prototype solving (8) in the single-agent setting:

θk+1 = θk − γ1∇θJ(θk, {wk
i }Ni=1),

wk+1
i = wk

i + γ2∇wiJ(θk, {wk
i }Ni=1), i ∈ [N ], (14)

where γ1, γ2 > 0 are step sizes. In the MARL model, how-
ever, it is challenging to implement this algorithm. Recall
in this setting agent i only has access to the functions of its
own and the neighbor agents {Jj,p(·) : (j, i) ∈ E}. More-
over, computing the batch gradient requires summing up
over M samples, which is expensive when M � 1 as the
computation complexity would be O(Md). We tackle these
issues by combining the gradient tracking idea of (Qu & Li,
2018) with an incremental update scheme from (Schmidt
et al., 2017) in the following primal-dual hierarchical dis-
tributed incremental aggregated gradient (PD-H) method.
Here, sequences {ski }k≥1 and {dki }k≥1 are introduced to
track the gradients w.r.t. θi and wi, respectively. Each
agent i ∈ [N ] maintains a local copy of the primal param-
eter, i.e., {θki }i∈[N ]. At the k-th iteration, we update the
dual variable via gradient update using dki . However, dif-
ferent form previous works, here each primal variable θk+1

i

is obtained by first averaging both variables {θkj } and {skj }
over its neighbors specified by matrix R1 and R2, and then
updating the averaged variable with the averaged gradient.
The details of our method are presented in Algorithm 1.

Note that here ski and dki represent the surrogate functions
for the primal and dual gradients; sk := [sk1 , · · · , skN ]

and dk := [dk1 , · · · ,dkN ] are the matrices with ski and
dki being their i-th column respectively. We also define
θk := [θk1 , · · · ,θkN ]; wk := [wk

1 , · · · ,wk
N ]. Moreover,

the counter variable is defined as τkp = max{l ≥ 0 : l ≤
k, pl = p}, which represents the last iteration when the p-th
sample is visited before iteration k, and we set τkp = 0 if
the p-th sample has never been visited.

Now we analyze the convergence of the proposed approach.
We begin by defining the following concept that is needed
in the analysis.
Definition 3.1. A spanning tree of a directed graph (di-
graph) is a directed tree that connects the root to all other
vertices in the graph (see (Godsil & Royle, 2001)).

For any nonnegative matrix Q ∈ Rn×n, we let GQ :=
(VQ, EQ) denote the directed graph induced by the matrix
Q, where VQ = {1, 2, ..., n} and (j, i) ∈ EQ iff Qij > 0.
We define RQ as the set of roots of directed spanning trees
in the graph GQ.

Moreover, The following conditions are used commonly in
previous work. The first is to ensure that each sample is
picked up frequently in the algorithm.
Assumption 1. It holds that |k − τkp | ≤ M , ∀ p ∈ [M ],
k ≥ 1, i.e., each sample is selected at least once per M
iterations.

Remark 1. The requirement |k − τkp | ≤M can be relaxed
to |k − τkp | ≤ C · M for some constant C ≥ 1. This
assumption is easier to be satisfied but will not change the
linear convergence proved latter.

The following assumptions are important to establish the
linear convergence rate.

Assumption 2. The empirical correlation matrix Â defined
in (5) is full rank, and D̂ defined in (5) is non-singular.

Beside, the proof of the convergence also relies on the as-
sumptions about the mixing matrices.

Assumption 3. R1, R2 ∈ Rd×d are nonnegative and row
stochastic with a shared left eigenvector u of eigenvalue 1
and C1, C2 ∈ Rd×d are nonnegative and column stochastic.
In addition, (R1)ii > 0 and (C1)ii > 0 for all i ∈ V .

Remark 2. Given R1, R2 can be set as λI + (1− λ)R1, for
λ ∈ [0, 1] such that Assumption 3 holds. Moreover, here
(R1)ii > 0 and (C1)ii > 0 are necessary to ensure that
σR1 < 1 and σC1 < 1, where σR1 and σC1 are the spectral
radii of (R1 − 1u>/N) and (C1 − v1>/N), respectively.
Note though not mentioned explicitly, (Wai et al., 2018) also
requires the diagonal entries of the doubly stochastic mixing
matrix W are positive to ensure ‖W −N−111>‖1,∞ < 1.

Assumption 4. Each of the graphs GR1 and GC>1 contains
at least one spanning tree. Further, RR1 ∩RC>1 6= ∅.

Let (θ∗, {w∗i }Ni=1) be the optimal solution of (8). Based on
these assumptions, now we can present the main theorem.

Theorem 1. Suppose that Assumptions 1-4 hold. Set
the step sizes as γ2 = βγ, γ1 = γ with β := 8r′(ρ +

λmax(Â>D̂−1Â))/λmin(D̂), where r′ := u>v/N and
γ > 0. Define θ̄k = 1

N θ
ku as the weighted average of

parameters. When the primal step size γ is sufficiently small
, there exists a constant σ ∈ (0, 1) such that

‖θ̄k − θ∗‖2 + (r′)2/(βN)
∑N
i=1 ‖wk

i −w∗i ‖2 = O(σk),

1
N

∑N
i=1 ‖θki − θ̄k‖ = O(σk).

If M,N � 1 and we have max{σR1
, σC1

} = 1− e/N for
some e > 0, then setting γ = O(1/max{M2, N2}) yields
a convergence rate σ = 1−O(1/max{MN2,M3}).

The above theorem shows that the iterates (θ̄k, {wk
i }Ni=1)

generated by the proposed algorithm converge to the op-
timum in a linear rate which is the same as that in (Wai
et al., 2018). Therefore, as will be shown in the experiment,
the proposed method can achieve better communication ef-
ficiency by reducing the information transmission in each
epoch. Moreover, the consensus error of local primal vari-
ables 1

N

∑N
i=1 ‖θki − θ̄k‖ also converges to 0 linearly. The

detailed proof of Theorem 1 is in the Appendix.
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4. Experiments
In this section we test our algorithm on the policy evaluation
problems for the mountaincar task (Du et al., 2017). We
obtain M = 5000 samples with d = 300 features generated
by a known policy. Given a sample p, each agent is assigned
randomly with local reward such that the average of the
local rewards equals rc(sp,ap). We consider different con-
nection graphs: the ring and the Erdos-Renyi (ER) graph.
In these settings, we compare various advanced algorithms:
(1) PDBG: the centralized method in (14); (2) SAGA: the
centralized method proposed in (Du et al., 2017); (3) PD-
DistIAG: the decentralized method in (Wai et al., 2018); (4)
PD-H: the proposed method.

For the decentralized methods, we simulate networks of
N = 10 agents with the ring graph and N = 100 agents
with the ER graph. We first compare these algorithms’ com-
munication cost in each iteration, that is, the total number
of transmissions between the nodes in each round of update.
Then their optimality gaps vs. epoch number are examined.
Here we choose the step sizes γ1 = 0.005/λmax(Â), γ2 =
0.005. Figures 1 and 3 show the communication graphs
corresponding to the mixing matrices W in the PD-DistIAG
and R1 in the proposed method for different topologies.
We set R2 = C2 = I , C1 = R>1 in the first network and
R2 = R1, C1 = C2 = R>1 in the second one. Note the left
undirected communication graphs of PD-DistIAG in Fig-
ure 1 and 3 can be regarded as special digraphs with each
undirected edge being equivalent to two in-and-out directed
edges. Given the graph in Figure 1a, the right graph in Fig-
ure 1b is formed by cutting its directed edges alternatively
in one direction. In contrast, if the left graph is considered
as an undirected graph as in PD-DistIAG, then cutting any
two of its undirected edges would result in disconnectedness
that prevents PD-DistIAG from converging. In the ER graph
case, we generate the graph in Figure 3a with connection
probability 1.1 log(N)/N . Basing on this graph, the right
digraph in Figure 3b is formed by randomly cutting 21%
of its directed edges. Note that cutting the same ratio of
its undirected edges reduces the connection probability to
0.98 log(N)/N , which will also lead to disconnectedness
with high probability (Erdos & Rényi, 1960) that prevents
PD-DistIAG from converging.
Figures 2 and 4 compare the optimality gaps of the objective
function versus the epoch number, which is defined as t/M .
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Figure 1. Communication Graph in Algorithms (Ring graph).

Their communication graphs are in Figure 1 and Figure 3
respectively. Recall the number of links in the graphs is in
proportion to the communication cost and the number of
summations over agents in each iteration. Therefore it can
be observed from Figure 1 and Figure 3 that in both settings
the proposed approach saves more than 20% communication
per iteration. Moreover, Figure 2 and Figure 4 show that
when ρ > 0 the convergence of PD-H is comparable to
that of the centralized method SAGA. When ρ = 0, though
slower than the centralized method SAGA, the advantages of
PD-H over other methods are more obvious as more epochs
are needed to reach the minimum due to the adversarial
conditional number. It consistently converges faster than the
PD-DistIAG, while requiring less communication in each
iteration. Such results can be observed generally in other
settings of parameters as shown in Table 1.
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Figure 2. Convergence Comparison (Ring graph).
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Figure 3. Communication Graph in Algorithms (ER graph).
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Figure 4. Convergence Comparison (ER Graph).

Table 1. Comparison in various settings of parameters.
(N,Epoch,ρ) graph communication optimality gap
(10,300,0.01) Star reduce by 17% improve by 7.3e-09
(10,5000,0) ER reduce by 21% improve by 6.6e-05

(500,300,0.01) Ring reduce by 25% improve by 3.9e-09
(500,5000,0) ER reduce by 21% improve by 5.6e-05
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A. Lemmata to Prove Theorem 1

By Assumption 3, we directly have the following result.

Lemma 1. Under Assumption 3, the matrix C1 has a non-
negative right eigenvector v with eigenvalue 1 satisfying
1>v = N (see (Horn & Johnson, 1990)).

The proof of Theorem 1 also needs the following lemmata.

Lemma 2 ((Pu et al., 2018)). Suppose RR1 6= ∅ and
RC>1 6= ∅. Then under Assumption 3, it holds that
RR1

∩RC>1 6= ∅ if and only if u>v 6= 0.

We know Assumption 4 essentially ensures sufficient con-
nections given by R1 and C1. By the definition of r′ and
Lemma 2, this guarantees r′ 6= 0.

Lemma 3. Under Assumption 1-4, we have the following
linear inequalities:[

‖θk+1 − θ̄k+11>‖
‖sk+1 − s̄k+1v>‖

]

≤ Q0

max(k−2M)+≤s≤k ‖θ
s − θ̄s1>‖

max(k−M)+≤s≤k ‖ss − s̄sv>‖
max(k−2M)+≤s≤k ‖vs‖

 , (15)

where matrix Q0 = [qij ] is defined as[
q11
q21

]
=

[
σR1

+ γσR2
‖ v − 1‖ ρ√

N

σC2ρ‖R1 − I‖S + γ(σC2ρ
2‖R2v‖ 1√

N
+ σC2Ā

2β)

]
,

[
q12
q22

]
=

[
γσR2

σC1
+ σC2

ργ‖R2‖S

]
,

[
q13
q23

]
=

[ √
2γσR2

‖ v − 1‖Lmax(1,
√
β
r′ )√

2
(
σC2

L2βγ
√
N + σC2

L2γ‖R2v‖
)

max{1,
√
β
r′ }

]
,

(16)

Here for s ≥ 0, we define

vs :=


θ̄s − θ∗

r′√
βN

(ws
1 −w∗1)
...

r′√
βN

(ws
N −w∗N )

 , L := max{ρ, Ā, D̄}

with Ā and D̄ being defined as

Ā := max
1,··· ,M

‖Ap‖S , D̄ := max
1,··· ,M

‖Dp‖S . (17)

Lemma 3 gives the progress of the consensus errors of θ
and s. This will help establish the relation between the

optimality gap progress and the consensus error progress
in one iteration in the proof of Theorem 1. By analyzing
this inequality system, we can find the sufficient condition
that guarantees the linear convergence of the proposed algo-
rithm.

The proofs of the lemma and the theorem are in the follow-
ing Appendix B and Appendix C.

B. Proof of Lemma 3

To establish the progress of the consensus errors of θ and s.
Firstly we define the gradient vector

Jp(θ
k,wk) :=

[
J1,p(θ

k
1 ,w

k
1), · · · , JN,p(θkN ,wk

N )
]
.

Then the update of ski and θki in (10) and (12) for i ∈
{1, · · · , N} can be written in a compact form:

sk = sk−1C>1

+
1

M

[
∇θJpk(θk,wk)−∇θJpk(θτ

k−1
pk ,wτk−1

pk )
]
C>2

(18)

θk+1 = θkR>1 − γ1skR>2 (19)

Moreover, we define the weighted average of θk+1 over
columns by θ̄k+1 := 1

N θ
k+1u. Then by the definition of u

we have

θ̄k+1 :=
1

N
(θkR>1 − γ1skR>2 )u

= θ̄k − γ1
N

skR>2 u

= θ̄k − γ1
N

sku, (20)

where the last two equalities use Assumption 3. It follows
from (20) and (19) that

θk+1 − θ̄k+11>

= (θkR>1 − γ1skR>2 )−
(
θ̄k +

γ1
N

sku
)
1>

= (θk − θ̄k1>)R>1 − γ1sk
(
R2 −

1u>

N

)>
= (θk − θ̄k1>)

(
R1 −

1u>

N

)>
− γ1(sk − s̄k1>)

(
R2 −

1u>

N

)>
. (21)

Equation (21) gives an expression of the consensus error of
the column vectors in θk+1.
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Similarly, the average of sk+1 is defined as s̄k+1 :=
1
N sk+11. We can also consider the consensus error of vec-
tors sk+1 with respect to its weighted average

sk+1 − s̄k+1v>

=
( 1

M

[
∇θJpk+1

(θk+1,wk+1)−∇θJpk+1
(θ
τk
pk+1 ,w

τk
pk+1 )

])
·
(
C2 −

v1>

N

)>
+ skC>1 − s̄kv>

=
( 1

M

[
∇θJpk+1

(θk+1,wk+1)−∇θJpk+1
(θ
τk
pk+1 ,w

τk
pk+1 )

])
·
(
C2 −

v1>

N

)>
+ (sk − s̄kv>)

(
C1 −

v1>

N

)>
. (22)

Recall that we define σRi as the spectral radii of (Ri −
1u>/N), for i = 1, 2. Then By (21), we have

‖θk+1 − θ̄k+11>‖

≤ σR1
‖θk − θ̄k1>‖+ γ1σR2

‖sk − s̄k1>‖
≤ σR1‖θ

k − θ̄k1>‖+ γ1σR2‖sk − s̄kv>‖
+ γ1σR2‖ v − 1‖‖s̄k‖
≤ σR1‖θ

k − θ̄k1>‖+ γ1σR2‖sk − s̄kv>‖+ γ1σR2‖ v − 1‖

·
∥∥∥s̄k − 1

NM

N∑
i=1

M∑
p=1

∇θJi,p(θ̄
τk
p ,w

τk
p

i )
∥∥∥+ γ1σR2

‖ v − 1‖

·
∥∥∥ 1

NM

N∑
i=1

M∑
p=1

∇θJi,p(θ̄
τk
p ,w

τk
p

i )

− 1

NM

N∑
i=1

M∑
p=1

∇θJi,p(θ
∗,w∗i )

∥∥∥
≤
(
σR1

+ γσR2
‖v − 1‖ ρ√

N

)
max

(k−M)+≤s≤k
‖θs − θ̄s1>‖

+ γσR2
‖sk − s̄kv>‖+ γσR2

‖ v − 1‖ρ
· max
(k−M)+≤s≤k

‖θ̄s − θ∗‖+ γσR2
‖ v − 1‖Ā

· max
(k−M)+≤s≤k

1

N

N∑
i=1

‖ws
i −w∗i ‖. (23)

Similarly, we define σCi
as the spectral radii of (Ci −

v1>/N), for i = 1, 2. Then it follows from this defini-
tion and (22) that

‖sk+1 − s̄k+1v>‖

≤ σC1
‖sk − s̄kv>‖

+ σC2

1

M

(
ρ‖θk+1 − θτ

k
pk+1‖+ Ā‖wk+1 −w

τk
pk+1‖

)
≤ σC1

‖sk − s̄kv>‖

+ σC2

1

M

k∑
l=τk

pk+1

(
ρ‖θl+1 − θl‖+ Ā‖wl+1 −wl‖

)
≤ σC1

‖sk − s̄kv>‖

+ σC2

1

M

k∑
l=(k−M)+

(
ρ‖(θl(R1 − I)>)− γ1slR>2 ‖

+ γ2Ā‖dl‖
)
,

where the last inequality uses the update equations (12)-(13)
of the primal dual variables. Thus we have

‖sk+1 − s̄k+1v>‖

≤ σC1
‖sk − s̄kv>‖

+ σC2

1

M

(
ρ

k∑
l=(k−M)+

‖(θl − θ̄l1>)(R1 − I)>‖+ γ‖slR>2 ‖

+ γ2Ā‖dl‖
)

(a)

≤ σC1‖sk − s̄kv>‖

+ σC2

1

M

(
ρ

k∑
l=(k−M)+

‖(θl − θ̄l1>)(R1 − I)>‖

+ γρ‖(sl − s̄lv>)R>2 ‖+ γρ‖R2v‖‖s̄l‖+ γ2Ā‖dl − d∗‖
)

(b)

≤ σC1
‖sk − s̄kv>‖

+ σC2

1

M

(
ρ

k∑
l=(k−M)+

(
‖(θl − θ̄l1>)(R1 − I)>‖

+ γρ‖(sl − s̄lv>)R>2 ‖

+ γρ‖R2v‖‖s̄l − s∗‖+ γ2Ā
2 1

M

M∑
p=1

‖θτ
l
p − θ∗1>‖

+ γ2ĀD̄
1

M

M∑
p=1

‖wτ l
p −w∗‖

))
where in the last inequality we use the Lipschitz property
of the dual gradient surrogate dl with respect to (w.r.t.) the
primal and dual variables. Note that inequalities (a) and
(b) follow from the optimality condition of the problem (8)
with respect to wi for i ∈ [N ]:

d∗ :=


1
M

∑M
i=1∇w1

J1,p(θ
∗,w∗1)

...
1
M

∑M
i=1∇wN

JN,p(θ
∗,w∗N )

 = 0,
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and also the optimality condition with respect to θ:

s∗ :=
1

NM

N∑
i=1

M∑
p=1

∇θJi,p(θ
∗,w∗i ) = 0.

For any given matrix Q, let ‖Q‖S denotes its spectral norm.
Therefore it follows that

‖sk+1 − s̄k+1v>‖

≤ (σC1 + σC2ργ‖R2‖S) max
(k−M)+≤l≤k

‖sl − s̄lv>‖

+ σC2

ρ

M

∑
(k−M)+≤s≤k

‖R1 − I‖S‖θl − θ̄l1>‖

+ σC2

Ā2

M

∑
(k−M)+≤l≤k

γ2 max
(l−M)+≤s≤l

‖θs − θ∗1>‖

+ σC2

ĀD̄

M

∑
(k−M)+≤l≤k

γ2 max
(l−M)+≤s≤l

‖ws −w∗‖

+ σC2

ρ

M

∑
(k−M)+≤l≤k

γ‖R2v‖
( ρ√

N
‖θs − θ̄s1>‖

+ ρ max
(l−M)+≤s≤l

‖θ̄s − θ∗‖

+
Ā

N
max

(l−M)+≤s≤l

N∑
i=1

‖ws
i −w∗i ‖

)
,

Further bound the summations in the right hand side (RHS)
of the above inequality we have

‖sk+1 − s̄k+1v>‖

≤ (σC1
+ σC2

ργ‖R2‖S) max
(k−M)+≤l≤k

‖sl − s̄lv>‖

+
(
σC2

ρ‖R1 − I‖S + σC2
ρ2γ‖R2v‖

1√
N

)
· max
(k−2M)+≤s≤k

‖θs − θ̄s1>‖

+ σC2
Ā2γ2 max

(k−2M)+≤s≤k
‖θs − θ∗1>‖

+ σC2ρ
2γ‖R2v‖ max

(k−2M)+≤s≤k
‖θ̄s − θ∗‖

+
(
σC2ĀD̄γ2 + σCρĀγ‖R2v‖

1√
N

)
· max
(k−2M)+≤s≤k

‖ws −w∗‖,

(24)

which further implies

‖sk+1 − s̄k+1v>‖

(c)

≤ (σC1 + σC2ργ‖R2‖S) max
(k−M)+≤l≤k

‖sl − s̄lv>‖

+
(
σC2ρ‖R1 − I‖S + σC2ρ

2γ‖R2v‖
1√
N

+ σC2Ā
2γ2
)

· max
(k−2M)+≤s≤k

‖θs − θ̄s1>‖

+
(
σC2

Ā2γ2
√
N + σC2

ρ2γ‖R2v‖
)

· max
(k−2M)+≤s≤k

‖θ̄s − θ∗‖

+
(
σC2ĀD̄γ2 + σC2ρĀγ‖R2v‖

1√
N

)
· max
(k−2M)+≤s≤k

‖ws −w∗‖, (25)

where we use the triangular inequality in (c).

C. Proof of Theorem 1
For any β > 0, by the optimality condition, the primal-dual
optimal solution to the optimal problem (8), (θ∗, {w∗i }Ni=1),
satisfies

G


θ∗

r′√
βN

w∗1
...

r′√
βN

w∗N

 = −


0√
β
N b̂1
...√
β
N b̂N

 , (26)

where we define the constant r′ := u>v
N and

G =


ρr′I

√
β
N Â> · · ·

√
β
N Â>

−
√

β
N Â β

r′ D̂ · · · 0

...
...

. . .
...

−
√

β
N Â 0 · · · β

r′ D̂

 . (27)

For p ∈ {1, · · · ,M}, Gp is defined as

Gp =


ρr′I

√
β
NA>p · · ·

√
β
NA>p

−
√

β
NAp

β
r′Dp · · · 0

...
...

. . .
...

−
√

β
NAp 0 · · · β

r′Dp

 . (28)

By definition G = 1
M

∑M
p=1 Gp. Define θ̄k := 1

N u>θk

as the weighted average of the parameters at iteration k.
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Furthermore, define

hθ(k) := ρθ̄k +
1

N

N∑
i=1

Â>wk
i (29)

ĝθ(k) :=
1

N
sku

hwi
(k) := Âθ̄k − D̂wk

i − b̂i (30)

gwi(k) :=
1

M

M∑
p=1

(Apθ
τk
p

i −Dpw
τk
p

i − bp,i),

where hθ(k) and hwi
(k) represent the batch gradients w.r.t

θ and wi at (θ̄k,wk
i ). It can be checked that θ̄k+1 = θ̄k −

γ1ĝθ(k) and wk+1
i = wk

i − γ2gwi
(k) for all k ≥ 1. That

is, the primal-dual variables θ̄k+1 and wk+1
i are updated

with ĝθ(k) and gwi(k). We also define h(k), g(k), and vk

by

h(k) =


r′hθ(k)

−
√

β
N hw1

(k)

...

−
√

β
N hwN

(k)

 , g(k) =


ĝθ(k)

−
√

β
N gw1

(k)

...

−
√

β
N gwN

(k)

 ,
(31)

vk =


θ̄s − θ∗

r′√
βN

(wk
1 −w∗1)
...

r′√
βN

(wk
N −w∗N )

 . (32)

Note (29) and (30) can be written as

G


θ̄(k)
r′√
βN

wk
1

...
r′√
βN

wk
N

 =


r′hθ(k)

−
√

β
N hw1

(k)−
√

β
N b̂1

...

−
√

β
N hwN

(k)−
√

β
N b̂N

 . (33)

Combining (33) and (26) yields

h(k) = Gvk. (34)

By the analysis similar to (Du et al., 2017), it can
be shown that under Assumption 2 and with β :=
8r′(ρ+λmax(Â

>D̂−1Â))

λmin(D̂)
, G is full rank whose eigenvalue sat-

isfying

λmax(G) ≤
∣∣∣λmax(D̂)

λmin(D̂)

∣∣∣λmax(ρr′I + r′Â>D̂−1Â)

λmin(G) ≥ 8r′

9
λmin(Â>D̂−1Â). (35)

Furthermore, assume G := UΛU−1 to be the eigen-
decomposition of G, where Λ is the diagonal matrix of
G′s eigenvalues; the columns of U are the eigenvectors.
Then let U satisfy

‖U‖ ≤ 8r′
∣∣∣λmax(D̂)

λmin(D̂)

∣∣∣(ρ+ λmax(Â>D̂−1Â))

‖U−1‖ ≤ 1

ρr′ + r′λmax(Â>D̂−1Â)
(36)

Furthermore, we define the upper bounds of the spectral
norms by

G :=‖G‖S , Ḡ = max
p=1,··· ,M

‖Gp‖S , (37)

Ā = max
p=1,··· ,M

‖Ap‖S , D̄ = max
p=1,··· ,M

‖Dp‖S . (38)

We also define the Lyapunov function as

εc(k) :=
1

N

N∑
i=1

‖θki − θ̄k‖.

Next, recall that γ1 := γ and γ2 := βγ. In the following we
establish a bound on the optimality gap of the primal-dual
variables, vk. Note that vk+1 = vk−γg(k). Thus we have

vk+1 = (I− γG)vk + γ(h(k)− g(k)). (39)

Now we consider the difference h(k)− g(k). Its first block
can be written as

[h(k)− g(k)]1

= r′hθ(k)− ĝθ(k)

= − 1

N
(sk − s̄kv>)u− 1

N
s̄kv>u + r′hθ(k)

= − 1

N
(sk − s̄kv>)(u− 1) + r′(hθ(k)− s̄k). (40)

For any i ∈ {1, · · · , N}, the (i+ 1)-th block is

[h(k)− g(k)]i+1

=

√
β

N

1

M

M∑
p=1

Ap

(
θ̄k − θτ

k
p

i

)
+ Dp(w

k
i −w

τk
p

i )

=

√
β

N

1

M

M∑
p=1

Ap

(
θ̄k − θ̄τ

k
p

)
+ Dp(w

k
i −w

τk
p

i )

+

√
β

N

1

M

M∑
p=1

Ap

(
θ̄τ

k
p − θτ

k
p

i

)
. (41)

We construct the residual vector εc(k) as the following:
the first block of εc(k) is − 1

N (sk − s̄kv>)(u − 1) +



A Communication Efficient Hierarchical Distributed Optimization Algorithm for Multi-Agent Reinforcement Learning

ρr′

NM

∑N
i=1

∑M
p=1

(
θ
τk
p

i − θ̄
τk
p
)

and the remaining blocks

are given by
√

β
N

1
M

∑M
p=1 Ap

(
θ
τk
p

i − θ̄
τk
p

)
, i ∈ 1, · · · , N .

By (40), (41), and the definition of Gp in (28), we have the
following simple form of h(k)− g(k):

h(k)− g(k)− εc(k) =
1

M

M∑
p=1

Gp

( k−1∑
j=τk

p

∆v(j)
)
, (42)

where we define

∆vj =


θ̄j+1 − θ̄j

r′√
βN

(wj+1
1 −wj

1)
...

r′√
βN

(wj+1
N −wj

N )

 . (43)

Note it holds that ∆vj = vj+1 − vj . From (39), ∆vj in
(43) can also be written as

∆vj = γ[h(j)− g(j)]− γh(j). (44)

Multiplying U−1 on both sides of (39) results in

v̂k+1 = (I− γG)v̂k + γ(h(k)− g(k)), (45)

where v̂k := U−1vk. By Combining (42), (44), and (45),
we have

‖v̂k+1‖ ≤ ‖I− γΛ‖‖v̂k‖+ γ‖U−1‖‖h(k)− g(k)‖

≤ ‖I− γΛ‖‖v̂k‖+ γ‖U−1‖
[
‖εc(k)‖

+
1

M

M∑
p=1

‖Gp

k−1∑
j=τk

p

∆vj‖
]

≤ ‖I− γΛ‖‖v̂k‖+ γ‖U−1‖
{
‖εc(k)‖

+
γḠ

M

M∑
p=1

k−1∑
j=τk

p

[
‖h(j)‖+ ‖h(j)− g(j)‖

]}
,

(46)

where Ḡ is defined in in (37). By further bounding the
right-hand side of (46) we have

‖v̂k+1‖ ≤ ‖I− γΛ‖‖v̂k‖+ γ‖U−1‖
{
‖εc(k)‖

+ γḠ

k−1∑
j=(k−M)+

[
‖h(j)‖+ ‖h(j)− g(j)‖

]}
≤ ‖I− γΛ‖‖v̂k‖+ γ‖U−1‖

{
‖εc(k)‖

+ γḠ

k−1∑
j=(k−M)+

[
‖εc(j)‖+G‖U‖‖v̂j‖

+ Ḡ‖U‖ ·
k−1∑

j=(k−M)+

(‖v̂l+1‖+ ‖v̂l‖)
]}
. (47)

Moreover, ‖εc(k)‖ can be upper bounded by

‖εc(k)‖

≤ 1

M

M∑
p=1

[
(ρr′ + Ā

√
βN)

( 1

N

N∑
i=1

‖θτ
k
p

i − θ̄
τk
p ‖
)]

+
1

N
‖u− 1‖‖sk − s̄kv>‖

≤ (ρr′ + Ā
√
βN) max

(k−M)+≤q≤k
εc(q)

+
1

N
‖u− 1‖‖sk − s̄kv>‖.

Thus, we can bound ‖v̂k+1‖ by

‖v̂k+1‖

≤ ‖I− γΛ‖‖v̂k‖+ C1(γ) max
(k−2M)+≤q≤k−1

‖v̂q‖

+ C2(γ) max
(k−2M)+≤q≤k

εc(q) + C3(γ)‖sk − s̄kv>‖,

(48)

where constant C1(γ), C2(γ) , and C3(γ) are defined as

C1(γ) = γ2‖U‖‖U−1‖ḠM(G+ 2ḠM),

C2(γ) = γ‖U−1‖(1 + γḠM)(ρr′ + Ā
√
βN),

C3(γ) = γ‖U−1‖‖u− 1‖
N

(1 + γḠM). (49)

Now combining (23), (25), and (48) yields‖θk+1 − θ̄k+11>‖
‖sk+1 − s̄k+1v>‖

‖v̂k+1‖


≤ Q(γ)

max(k−2M)+≤s≤k ‖θ
s − θ̄s1>‖

max(k−M)+≤s≤k ‖ss − s̄sv>‖
max(k−2M)+≤s≤k ‖v̂

s‖

 , (50)

where matrix Q(γ) is defined by

Q(γ) :=

σR1
+ γσR2

‖ v − 1‖ ρ√
N

γσR2
C6(γ)

C7(γ) C4(γ) C5(γ)
1√
N
C2(γ) C3(γ) C8(γ)

 ,
and

C4(γ) := σC1
+ σC2

ργ‖R2‖S

C5(γ) :=
√

2
(
σC2

L2γ2
√
N + σC2

L2γ‖R2v‖
)

max{1,
√
β

r′
}

C6(γ) :=
√

2γσR2‖ v − 1‖Lmax(1,

√
β

r′
)

C7(γ) := σC2
ρ‖R1 − I‖S + γ(σC2

ρ2‖R2v‖
1√
N

+ σC2
Ā2β)

C8(γ) := ‖I − γΛ‖+ C1(γ), (51)
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with L := max{ρ, Ā, D̄}. Note that G’s eigenvalues are
bounded in (35). Thus by setting the step size γ to be small
enough we can ensure ‖1 − γΛ‖ < 1. Hence there exists
some α > 0 such that ‖1− γΛ‖ = 1− γα. Moreover, the
upper bound of ‖U‖ and ‖U−1‖ are given in (36).

Now define

a1 := σR2
‖ v − 1‖ ρ√

N

a2 :=
√

2σR2‖ v − 1‖Lmax(1,
√
β/r′)

a3 := σC2ρ‖R1 − I‖S

a4 := σC2
ρ2‖R2v‖

1√
N

+ σC2
Ā2β

a5 := σC2
ρ‖R2‖S

a6 :=
√

2
(
σC2

L2β
√
N + σC2

L2‖R2v‖
)

max{1,
√
β/r′}

a7 :=
1√
N
‖U−1‖

(
ρr′ + Ā

√
βN
)

a8 :=
1√
N
‖U−1‖2ḠM

(
ρr′ + Ā

√
βN
)

a9 := ‖U‖‖U−1‖ḠM(G+ 2ḠM)

a10 :=
‖u− 1‖
N

‖U−1‖(1 + Ḡ).

Observe that when γ < 1
M we have

Q ≤ Q1 :=

 σR1
+ a1γ σR2

γ a2γ
a3 + a4γ σC1

+ a5γ a6γ
a7γ + a8γ

2 a10γ (1− γα+ a9γ
2)

 ,
when the inequality means Q is entrywise less than Q1.

Now consider

g(σ) := |σI−Q1| =∣∣∣∣∣∣
σ − σR1

− a1γ −σR2
γ −a2γ

−a3 − a4γ σ − σC1 − a5γ −a6γ
−a7γ − a8γ2 −a10γ σ − (1− γα+ a9γ

2)

∣∣∣∣∣∣ .
Therefore

g(σ) =
(
σ − (1− γα+ γ2a9)

)
g0(σ)

− (a7γ + a8γ
2)
(
σR2

a6γ
2 + a2γ(σ − σC1

− a5γ)
)

− a10γ
(
a2γ(a3 + a4γ) + a6γ(σ − σR1

− a1γ)
)
.

where

g0(σ)

:= (σ − σR1 − a1γ)(σ − σC1 − a5γ)− σR2γ(a3 + a4γ).

Without loss of generality, assume σR1 ≤ σC1 . We define
σ̄ := σC1 + (a1 + a5)γ +

√
σR2γ(a3 + a4γ). It is easy to

checked that for all σ ≥ σ̄, we have

g0(σ) ≥ (σ − σ̄)2.

Now we define

σ∗ := max

{
γα

4
+ (1− γα+ γ2a9), σ̄ +

2a2γ(a7 + a8)

α

+
2a6a10γ

α
+
√
γ
{ a22γ

2(a7+a8γ)
2

α + (a7γ + a8γ
2)σR2

a6γ
γα
4

+
a2a10γ(a3 + a4γ)

γα
4

+
a2γ(a7 + a8γ)

(
a1γ +

√
σR2γ(a3 + a4γ)

)
γα
4

+
a6a10γ

(
σC1 − σR1 + a5γ +

√
σR2γ(a3 + a4γ)

)
γα
4

} 1
2

}
.

(52)

For all σ ≥ σ∗, it holds that

g(σ) ≥
(
σ − (1− γα+ γ2a9)

)
(σ − σ̄)2

− (a7γ + a8γ
2)
(
σR2

a6γ
2 + a2γ(σ − σC1

− a5γ)
)

− a10γ
(
a2γ(a3 + a4γ) + a6γ(σ − σR1

− a1γ)
)

≥ γα

4

(
σ − σ̄ − 2a2γ(a7 + a8γ)

α
− 2a6a10γ

α

)2
− a22γ

3(a7 + a8γ)2

α
− a2γ2(a7 + a8γ)(σ̄ − σC − a5γ)

− (a7γ + a8γ
2)σR2a6γ

2 − a2a10γ2(a3 + a4γ)

− a6a10γ2
(
σ̄ − σR1

− a1γ
)

≥ 0.

Now from the Perron Frobenius theorem one can conclude
that ρ(Q) < σ∗. Moreover, by Assumptions 3-4, one has
max{σR1

, σC1
} < 1 (Pu et al., 2018). As α > 0, there

exists a sufficiently small γ such that σ∗ < 1, which implies
ρ(Q) < 1.

Next, let us consider the asymptotic rate when M,N � 1.
Note that the proposed algorithm converges if σ∗ < 1. Let
us consider the first operand in the max{·} of (52). The first
operand will be less than 1 if 0 < γ < α

2a9
since

γα

4
+ 1− γα− γ2a9 ≤ 1− γα

4
< 1. (53)

By the definition of a9, this requires γ = O(1/M2) if
M � 1.

Note that we have σC1 = 1− e
N for some positive e. Sub-
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stituting this into the second operand in (52) yields

1− e

N
+ (2a1 + a5)γ +

√
σR2

γ(a3 + a4γ)

+
2a2γ(a7 + a8γ)

α
+

2a6a10γ

α

+
√
γ
{ 4

α

[
a22γ(a2 + a8γ)2 + (a7γ + a8γ

2)σR2
a6

+ a2(a7 + a8γ)
(
a1γ +

√
σR2γ(a3 + a4γ)

)
+ a2a10(a3 + a4γ) + a6a10

(
σ̄ − σR1

− a1γ
)]} 1

2

.

(54)

Therefore, to guarantee σ∗ < 1, it’s sufficient to let γ satisfy
(53) and (54).

Now let us consider the asymptotic rate when N,M � 1.
Observe that a1 = Θ(1), a2 = Θ(

√
N), a3 = O(1), a4 =

Θ(1), a5 = Θ(1), a6 = Θ(
√
N), a7 = Θ(1), a8 = Θ(M),

and a10 = o(1). Therefore Eq. (54) can be approximated
by

1− e

N
+ Θ(γ) + Θ(

√
γ) + γΘ(

√
N) + Θ(γ

1√
N

)

+
√
γΘ
(
{N2γ +

√
Nγ} 1

2

)
. (55)

To ensure (55) is less than 1 − e
2N , it requires

that γ = O
(

1
N2

)
. In summary, by setting γ =

O
(
1/max{N2,M2}

)
we have σ∗ ≤ max{1 − γ α4 , 1 −

e/(2N)} = 1−O(1/max{N2,M2}).


