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Abstract
Features in machine learning problems are often
time-varying and may be related to outputs in an
algebraic or dynamical manner. The dynamic na-
ture of these machine learning problems renders
current higher order accelerated gradient descent
methods unstable or weakens their convergence
guarantees. Inspired by methods employed in
adaptive control, this paper proposes new algo-
rithms for the case when time-varying features are
present, and demonstrates provable performance
guarantees. In particular, we develop a unified
variational perspective within a continuous time
algorithm. This variational perspective includes
higher order learning concepts and normalization,
both of which stem from adaptive control, and al-
lows stability to be established for dynamical ma-
chine learning problems where time-varying fea-
tures are present. These higher order algorithms
are also examined for provably correct learning in
adaptive control and identification. This version
is an extended abstract; refer to (Gaudio et al.,
2019) for the full paper.

1. Introduction
As a field, machine learning has focused on both the pro-
cesses by which computer systems automatically improve
through experience, and on the underlying principles that
govern learning systems (Duda et al., 2001; Bishop, 2006;
Jordan & Mitchell, 2015; Goodfellow et al., 2016). A par-
ticularly useful approach for accomplishing this process of
automatic improvement is to embody learning in the form
of approximating a desired function and to employ opti-
mization theory to reduce an approximation error as more
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data is observed. The field of adaptive control, on the other
hand, has focused on the process of controlling engineer-
ing systems in order to accomplish regulation and tracking
of critical variables of interest (e.g. speed in automotive
systems, position and force in robotics, Mach number and
altitude in aerospace systems, frequency and voltage in
power systems) in the presence of uncertainties in the un-
derlying system models, changes in the environment, and
unforeseen variations in the overall infrastructure (Sastry
& Bodson, 1989; Åström & Wittenmark, 1995; Ioannou &
Sun, 1996; Narendra & Annaswamy, 2005). The approach
used for accomplishing such regulation and tracking is to
learn the underlying parameters through an online estima-
tion algorithm. Stability theory is employed for enabling
guarantees for the safe evolution of the critical variables,
and convergence of the regulation and tracking errors to
zero. In both machine learning and adaptive control the core
algorithm is often inspired by gradient descent or gradient
flow (Narendra & Annaswamy, 2005). As the scope of
problems in both fields increases, the associated complexity
and challenges increase as well, necessitating a better under-
standing of how the underlying algorithms can be designed
to enhance learning and stability for dynamical, real-time
learning problems.

Modifications to standard gradient descent have been ac-
tively researched within the optimization community since
computing began. The seminal accelerated gradient method
proposed by (Nesterov, 1983) has not only received signif-
icant attention in the optimization community (Nesterov,
2004; Beck & Teboulle, 2009; Bubeck, 2015; Carmon et al.,
2018), but also in the neural network learning community
(Krizhevsky et al., 2012; Sutskever et al., 2013). Nesterov’s
original method, or a variant (Duchi et al., 2011; Kingma
& Ba, 2017; Wilson et al., 2017) are the standard methods
for training deep neural networks. To gain insight into Nes-
terov’s method, which is a difference equation, reference (Su
et al., 2016) identified the second order ordinary differential
equation (ODE) at the limit of zero step size. Still pushing
further in the continuous time analysis of these higher order
methods, several recent results have leveraged a variational
approach showing that, at least in continuous time, there
exists a broad class of higher order methods where one can
obtain an arbitrarily fast convergence rate (Wibisono et al.,
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2016; Wilson et al., 2016). Converting back to discrete time
to obtain an implementable algorithm with rates matching
that of the differential equation is also an active area of re-
search (Betancourt et al., 2018; Wilson, 2018). It should be
noted that in all the aforementioned work, while the param-
eter update is time-varying, the features and output of the
cost function are static.

The adaptive control community has also analyzed several
modifications to gradient descent over the past 40 years.
These modifications have been introduced to ensure prov-
ably safe learning in the presence of both structured para-
metric uncertainty and unstructured uncertainty due to un-
modeled dynamics, magnitude saturation, delays, and dis-
turbances (Ioannou & Kokotovic, 1984; Karason & An-
naswamy, 1994; Bekiaris-Liberis & Krstic, 2010; Gibson
et al., 2013). A majority of these modifications are applied
to first order gradient-like updates. One notable exception is
the “high-order tuner” proposed by (Morse, 1992) which has
been useful in providing stable algorithms for time-delay
systems (Evesque et al., 2003).

In this paper, we consider a general class of learning prob-
lems where features (regressors) are time-varying. In com-
parison, most higher order methods in the machine learning
literature are analyzed for the case where features are as-
sumed to be constant (Wibisono et al., 2016). References
(Hopfield, 1982; 1984; Jordan, 1986; Hochreiter & Schmid-
huber, 1997; Dietterich, 2002; Jordan & Mitchell, 2015;
Kuznetsov & Mohri, 2015; Hall & Willett, 2015; Zinke-
vich, 2003; Hazan et al., 2007; 2008; Hazan, 2016; Shalev-
Shwartz, 2011; Raginsky et al., 2010) emphasize the need
for tools for problems where either the input features are
time-varying, for time-series prediction, for recurrent net-
works with time-varying inputs, for sequential performance,
or for online optimization. Capability to explicitly handle
time-varying features sequentially processed online is es-
sential as machine learning algorithms begin to be used
in real-time safety critical applications. Utilizing a com-
mon variational perspective, inspired by (Wibisono et al.,
2016), this paper will aim to realize two objectives. The
first objective is the derivation of a provably correct higher
order learning algorithm for regression problems with time-
varying features. The second objective of this paper is to
derive a provably correct higher order online learning al-
gorithm for uncertain dynamical systems, as often occur
in adaptive identification and control problems (Narendra
& Annaswamy, 2005). Both objectives are realized in this
paper using the notion of a “higher order tuner”, first intro-
duced in adaptive control in (Morse, 1992) and formally an-
alyzed within the context of time delay systems in (Evesque
et al., 2003). With the variational perspective in (Wibisono
et al., 2016), it will be shown that the high-order learning
will lead to a provably correct algorithm when time-varying
features are present in a machine learning problem, and that

it leads to stable learning for a general class of dynamical
systems, going beyond the specific problems considered in
(Morse, 1992; Evesque et al., 2003). Finally we note that
while we focus on models that are linear in the parameters
(for ease of exposition and clarity of presentation), non-
linearly parameterized models can also be analyzed using
similar Lyapunov stability approaches (Annaswamy & Yu,
1996; Yu & Annaswamy, 1996; 1998; Loh et al., 1999; Cao
et al., 2003).

2. Warmup: Time-Varying Features and
Model Reference Adaptive Control

2.1. Time-Varying Regression

A time-varying regression system may be expressed as
y(t) = θ∗Tφ(t), where θ∗, φ(t) ∈ RN represent the un-
known constant parameter and the known time-varying fea-
ture respectively. The variable y(t) ∈ R represents the
known time-varying output. Given that θ∗ is unknown, we
formulate an estimator ŷ(t) = θT (t)φ(t), where ŷ(t) ∈ R
is the estimated output and the unknown parameter is esti-
mated as θ(t) ∈ RN . Define the error between the actual
output and the estimated output as

ey(t) = ŷ(t)− y(t) = θ̃T (t)φ(t) (1)

where θ̃(t) = θ(t) − θ∗ is the parameter estimation error.
An overview of the time-varying regression error model may
be seen in Figure 1. The differential equation for the output
error is of the form

ėy(t) = θ̇T (t)φ(t) + θ̃T (t)φ̇(t). (2)

where the time variation of the feature φ̇(t) can be seen to
appear. The goal is to design a rule to adjust the parameter
estimate θ(t) in a continuous manner using knowledge of
φ(t) and ey(t) such that ey(t) converges towards zero. A
continuous, gradient descent-like algorithm is desired as
the output of the regression system y(t) may be corrupted
by noise and feature dimensions may be large. To do so,
consider the squared loss cost function: L = 1

2e
2
y(t). The

gradient of this function with respect to the parameters can
be expressed as: ∇θL = φ(t)ey(t). The standard gradient
flow algorithm (the continuous time limit of gradient de-
scent) may be expressed as follows with user-designed gain
parameter γ > 0 (Narendra & Annaswamy, 2005):

θ̇(t) = −γ∇θL = −γφ(t)ey(t). (3)

The parameter error model is then ˙̃
θ(t) = −γφ(t)φT (t)θ̃(t).

Stability analysis of the update law in (3) for the error model
in (1) is provided in (Gaudio et al., 2019).
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Figure 1: Error models. Left: Time-varying regression (1).
Right: Adaptive identification and control (4).

2.2. Adaptive Control and Identification

In the previous subsection, the output was an algebraic com-
bination of the elements of the feature. In a class of prob-
lems (including adaptive identification and adaptive control)
the features may be related to the errors of a dynamical
system. To demonstrate this, features φ(t) ∈ RN may be
related to a measurable state x(t) ∈ Rn through a dynami-
cal system with unknown constant parameter θ∗ ∈ RN as
ẋ(t) = Ax(t)+b(u(t)+θ∗Tφ(t)), where u(t) ∈ R is an in-
put to the system.1 A single input system is considered here
for notational simplicity, where A ∈ Rn×n, and b ∈ Rn×1

are known stable dynamics and input matrices respectively.
It can be noted that the results of this paper extend naturally
to multiple input systems. Additionally, it should be noted
that it is common in adaptive control for the feature to be a
function of the state, i.e., φ(t) = φ(x(t)). This dynamical
system is akin to a linearized recurrent neural network and is
similar to the dynamical systems considered in (Hazan et al.,
2017; 2018; Recht, 2018; Dean et al., 2018a;b;c). Similar
to the linear regression case where an output estimator was
created with the same form as the time-varying system, but
with an estimate of the unknown parameter, a state estima-
tor with state x̂(t) ∈ Rn may be designed for this system
as ˙̂x(t) = Ax̂(t) + b(u(t) + θT (t)φ(t)). Define the error
between the considered dynamical system and estimator
dynamical system as e(t) = x̂(t)− x(t). The error model
for identification and control schemes may then be stated as

ė(t) = Ae(t) + bθ̃T (t)φ(t) (4)

where the relation of the feature to the error can be seen
to be through a differential equation, which is fundamen-
tally different from (1). An overview of the dynamical
error model may be seen in Figure 1, with transfer function
W (s) := (sI − A)−1b. Rather than employing a gradient
flow based rule, a stability based algorithm may be chosen
as follows, with a gain γ > 0 selected to adjust the learning
rate (Narendra & Annaswamy, 2005):

θ̇(t) = −γφ(t)eT (t)Pb (5)

where P = PT ∈ Rn×n is a positive definite matrix that
solves the equation ATP + PA = −Q, where Q = QT ∈
Rn×n is a user selected positive definite matrix (Narendra
& Annaswamy, 2005). Comparing (5) to (3), it can be
noticed that the structure is similar with the multiplication
of the feature by the error. The difference between them

1The input is usually designed as u(t) = −θT (t)φ(x(t)).

is through the inclusion of elements from the differential
equation relating the parameter error to the model tracking
error (4). Stability analysis of the update in (5) for the error
model in (4) is provided in (Gaudio et al., 2019).2

3. Algorithm Derivation from a Variational
Perspective

This section derives higher order update algorithms for both
the time-varying regression, as well as the adaptive control
and identification problems. For the time-varying regression
problem, the goal is to derive a higher order algorithm to
adjust the parameter estimate θ(t) (as compared to (3)), for
minimization of the estimation error ey(t) in the algebraic
error model (1). For the adaptive control and identification
problem, the goal is to derive a higher order algorithm to
adjust θ(t) (as compared to (5)), such that the error e(t) in
the dynamical error model in (4) converges to zero. For the
remainder of the paper, the notation of time dependence of
variables will be omitted when it is clear from the context.
We begin with a common variational perspective in order
to derive our higher order algorithms. In particular the
Bregman Lagrangian (see (Wibisono et al., 2016), Equation
1) is restated below as

L(θ, θ̇, t) = eᾱt+γ̄t
(
Dh(θ + e−ᾱt θ̇, θ)− eβ̄tL(θ)

)
where Dh is the Bregman divergence defined with a
distance-generating function h as: Dh(y, x) = h(y) −
h(x) − 〈∇h(x), y − x〉. This Lagrangian can be seen to
weight the potential energy (loss) L(θ) versus kinetic en-
ergy Dh(θ + e−ᾱt θ̇, θ), with a term eᾱt+γ̄t which adjusts
the damping. The user defined time-varying parameters
(ᾱt, β̄t, γ̄t) will be defined in the following section.

3.1. Time-Varying Regression

For ease of exposition, we will use the squared Euclidean
norm h(x) = 1

2‖x‖
2 in the Bregman divergence along

with the squared loss L = 1
2e

2
y as was used in Section

2.1. The following are our choice of the time-varying scal-
ing parameters: ᾱt = ln(βNt), β̄t = ln(γ/(βNt)), and
γ̄t =

∫ t
t0
βNνdν, where γ, β > 0 are design choices and

Nt , (1 + µφTφ) (6)

with scalar µ > 0 is a function of the time-varying feature,
and is referred to as a normalizing signal. It can be noticed
that the second “ideal scaling condition” (Equation 2b, ˙̄γt =
eᾱt) of (Wibisono et al., 2016) holds but the first “ideal

2Open loop unstable plants may also be considered in the model
tracking problem for a controllable system by choosing ˙̂x(t) =

Amx̂(t) + b(u(t) + θT (t)φ(t)), with Am , A − bK chosen
stable with K ∈ R1×n (Narendra & Annaswamy, 2005).
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scaling condition” (Equation 2a, ˙̄βt ≤ eᾱt) does not need
to hold in general. In this sense, the results of this paper
are applicable to a larger class of algorithms. With this
choice of parameters, distance-generating function and loss
function, the following non-autonomous Lagrangian results:

L(θ, θ̇, t) = e
∫ t
t0
βNνdν 1

βNt

(
1

2
θ̇T θ̇ − γβNt

1

2
e2
y

)
. (7)

The Lagrangian in equation (7) is the central idea which
will produce the first higher order algorithm in this paper.
This Lagrangian is a function of not only the parameter
and its time derivative, but is also a function of the time-
varying feature φ directly through normalizing signal Nt.
Using the Lagrangian in (7), a functional may be defined
as: J(θ) =

∫
T L(θ, θ̇, t)dt, where T is a time interval. To

minimize this functional, a necessary condition from the
calculus of variations is that the Lagrangian solves the Euler-
Lagrange equation (Luenberger, 1969): d

dt

(
∂L
∂θ̇

(θ, θ̇, t)
)

=

∂L
∂θ (θ, θ̇, t). The second order differential equation resulting
from the application of the Euler-Lagrange equation is:

θ̈ +

[
βNt −

Ṅt
Nt

]
θ̇ = −γβNtφey. (8)

Here β can be seen to adjust “friction”. Taking β → ∞
(strong friction limit) results in the standard first order algo-
rithm (3).3 The second order differential equation in (8) may
be implemented using two first-order differential equations,
similar to (Evesque et al., 2003):

ϑ̇ = −γ∇θL = −γφey, θ̇ = −β(θ − ϑ)Nt. (9)

Equation (9) is the higher order algorithm that represents the
first main contribution of this paper. It can be seen that the
first of the two equations in (9) is identical to the first-order
update (3); the second equation can be viewed as a filter,
normalized by the feature-dependent Nt. Alternately, the
first equation can be viewed as a gradient step and the second
as a mixing step. Similar in form to batch normalization
(Ioffe & Szegedy, 2015) and the update in ADAM (Kingma
& Ba, 2017), the normalization present in this algorithm is
different in that it normalizes by the time-varying feature
itself as opposed to estimated moments. In equation (9)
it can be seen that β → ∞ decreases the nominal time
constant (for a given φ) of the time-varying filter, and thus in
the limit β →∞ the first order algorithm (3) is recovered.3

3.2. Adaptive Control and Identification

In a similar manner to (7) the following non-autonomous
Lagrangian is defined:

L(θ, θ̇, t) = e
∫ t
t0
βNνdν 1

βNt

(
1

2
θ̇
T
θ̇ − γβNt

[
d

dt

{
eTPe

2

}
+
eTQe

2

])
.

(10)

3 This notion will be more rigorously shown in Section 4.

Comparing the Lagrangian in (10) to that in (7), it can be
seen that they only differ by the term in the square brack-
ets, representing the loss function considered. The extra
terms in the square brackets account for energy storage in
the error model dynamics in equation (4). This may be seen
as:
[
d
dt

{
eTPe

2

}
+ eTQe

2

]
= eTP (ė − Ae) = eTPbθ̃Tφ,

where the loss is only zero for this dynamical error model
when both e and ė are zero. Using this Lagrangian, a func-
tional may be defined as J(θ) =

∫
T L(θ, θ̇, t)dt. The mini-

mization of this functional with the Euler-Lagrange equation
and error dynamics (4) results in the following second order
differential equation:

θ̈ +

[
βNt −

Ṅt
Nt

]
θ̇ = −γβNtφeTPb. (11)

Again, β can be seen to represent “friction”, with β →∞
resulting in the first order algorithm (5).3 The second order
differential equation in (11) may be implemented using two
first-order differential equations, similar to (Evesque et al.,
2003):

ϑ̇ = −γφeTPb, θ̇ = −β(θ − ϑ)Nt (12)

Equation (12) is the higher order algorithm that represents
the second main contribution of this paper. Similar to (9),
the first equation may be viewed as the stability based up-
date (5); the second equation may be viewed as a filter,
normalized by the feature-dependent Nt.

4. Stability Analysis and Regret Bounds
In this section we state the main stability and convergence
results, as well as regret bounds for the algorithms derived
in this paper. Unless otherwise specified, ‖·‖ represents
the 2-norm. Stability analysis using Lyapunov functions
have been of increased use in recent years in state of the art
machine learning approaches (Wilson et al., 2016; Wilson,
2018). A brief overview of Lyapunov functions and their
use in stability analysis is presented in (Gaudio et al., 2019).
Theorem 1 (Time-varying regression). For the second or-
der update law in (9) applied to the time-varying regression
problem in (1) the following

V =
1

γ
‖ϑ− θ∗‖2 +

1

γ
‖θ − ϑ‖2 (13)

is a Lyapunov function with time derivative V̇ ≤ − 2β
γ ‖θ −

ϑ‖2 − ‖ey‖2 − [‖ey‖ − 2‖θ − ϑ‖‖φ‖]2 ≤ 0 and therefore
(ϑ−θ∗) ∈ L∞ and (θ−ϑ) ∈ L∞. If in addition it assumed
that φ, φ̇ ∈ L∞ then limt→∞ ey(t) = 0, limt→∞(θ(t) −
ϑ(t)) = 0, limt→∞ ϑ̇(t) = 0, and limt→∞

˙̃
θ(t) = 0.

Corollary 1. The second order update law in (9) applied
to the time-varying regression problem in (1) has bounded
regret: Regretcontinuous :=

∫ T
0
‖ey(τ)‖2dτ = O(1).
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Theorem 2 (Model reference adaptive control). For the sec-
ond order update law in (12) applied to the model reference
adaptive control problem in (4) the following

V =
1

γ
‖ϑ− θ∗‖2 +

1

γ
‖θ − ϑ‖2 + eTPe (14)

is a Lyapunov function with time derivative V̇ ≤ − 2β
γ ‖θ −

ϑ‖2 − ‖e‖2 − [‖e‖ − 2‖Pb‖‖θ − ϑ‖‖φ‖]2 ≤ 0 and there-
fore e ∈ L∞, (ϑ−θ∗) ∈ L∞, and (θ−ϑ) ∈ L∞. If in addi-
tion it assumed that φ ∈ L∞ then limt→∞ e(t) = 0. Also if
φ̇ ∈ L∞, then limt→∞(θ(t)−ϑ(t)) = 0, limt→∞ ϑ̇(t) = 0,

and limt→∞
˙̃
θ(t) = 0.

Corollary 2. The second order update law in (12) applied
to the adaptive control problem in (4) has bounded regret:
Regretcontinuous :=

∫ T
0
‖e(τ)‖2dτ = O(1).

For proofs of Theorems 1 and 2 see (Gaudio et al., 2019).
Corollaries 1 and 2 follow from V̇ (t) ≤ −‖ey(t)‖2, V̇ (t) ≤
−‖e(t)‖2 and V is bounded, as demonstrated in (Gaudio
et al., 2019).

5. Comparison of Approaches
Table 1 shows a comparison of the Lagrangian functional
and the resulting second order ODE from a given parameter-
ization of the algorithm proposed by (Wibisono et al., 2016)
to the results provided in this paper for regression. This
parameterization was chosen to coincide with the notions
used in this paper (squared loss and the squared Euclidean
norm for the error in (1)) along with parameters chosen as
in Equation 12 of (Wibisono et al., 2016). It can be seen that
both Lagrangians have an increasing function multiplying
the kinetic and potential energies with an additional time-
varying term weighting the potential energy. Our approach
however is a function of the feature φ as compared to an ex-
plicit function of time. This more natural parameterization
results in an algorithm shown for comparison purposes in
Table 1 that does not have a damping term that decays to
zero with time. Therefore our algorithm does not change
from an overdamped to underdamped system as time pro-
gresses as is commonly seen in higher order accelerated
methods (Su et al., 2016). Thus our approach is capable of
running continuously as features are processed. No restart
is required as is often used in accelerated algorithms in ma-
chine learning (O’Donoghue & Candès, 2013). The more
natural damping term shown in our higher order ODE is an
explicit function of both the feature and time derivative of
the feature vector. It can be noted once more that the time
derivative of the feature does not need to be known as this
ODE may be implemented as the higher order algorithm
in (9), which allows for online processing of the features,
without a priori knowledge of its future variation. There-
fore the higher order algorithms derived in this paper can

Table 1: Comparison of approaches for regression.

Parameterization from (Wibisono et al., 2016)

L(θ, θ̇, t) = tp+1

p

(
1
2
θ̇T θ̇ − Cp2tp−2 1

2
e2y

)
θ̈ + p+1

t
θ̇ = −Cp2tp−2φey

Our Approach

L(θ, θ̇, t) = e
∫ t
t0
βNνdν 1

βNt

(
1
2
θ̇T θ̇ − γβNt 12e

2
y

)
θ̈ +

[
βNt − ṄtNt

]
θ̇ = −γβNtφey

be used in real-time sequential decision making systems,
where features and output errors are processed online.

Normalization by the magnitude of the time-varying feature
(6) can be seen to be explicitly included in our algorithm.
This normalization is in fact necessary in order to provide
a proof of stability as was found by (Evesque et al., 2003),
due to the required time-varying feature dependent scaling.
The candidate Lyapunov function proposed by (Wibisono
et al., 2016) applied to our algorithm represents a scaled
kinetic plus potential energy, and results in a time derivative
that cannot be guaranteed to be non-increasing for arbitrary
initial conditions and time variations of the feature as shown
in (Gaudio et al., 2019). Our Lyapunov function is fun-
damentally different in its construction and is indeed able
to verify stability. It should be noted that the class of al-
gorithms in (Wibisono et al., 2016) was not designed for
time-varying features and that the comparisons are due to its
general form in continuous time, representing a large class
of higher order learning algorithms commonly used in ma-
chine learning, including Nesterov acceleration (Nesterov,
1983). It can also be noted that the higher order algorithms
proposed in this paper are proven stable regardless of the
initial condition of the system (see Section 4). That is to
say that an optimization problem-specific schedule on the
parameters of the problem is not required to set in order
to cope with the initial conditions of the algorithm, as is
usually required for momentum methods commonly used in
machine learning (Sutskever et al., 2013). Our regret bounds
do not increase as a function of time as is common in on-
line machine learning approaches (Zinkevich, 2003; Hazan
et al., 2007; 2008; Shalev-Shwartz, 2011; Hazan, 2016).
Thus O(1), constant regret attained by our algorithms is the
best achievable regret, up to constants which do not vary
with time. The provably correct algorithms proposed in
this paper are proven to be stable, with O(1) regret bounds,
and provide for a unified framework using a variational per-
spective for convergence in output (9) (respectively model
tracking (12)) error for time-varying features with arbitrary
initial conditions where the relation between feature and
error may be algebraic (1) or dynamical (4). Numerical
experiments of the algorithms in this paper are provided in
(Gaudio et al., 2019).
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