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Abstract
Recently infinite horizon off-policy evaluation
method based on estimation of density ratio has
been proposed (Liu et al., 2018). Before that dou-
bly robust estimator is the strongest baseline in
off-policy evaluation in finite horizon. A natural
question is if we can apply doubly robust method
in infinite horizon setting. This paper answer that
question and reveal an interesting connection be-
tween density ratio function and value function.
We provide both theoretical and empirical result
to show that our method yields significantly ad-
vantage over previous method.

1. Introduction
Reinforcement learning (RL) (Sutton & Barto, 1998) is one
of the most successful approaches to artificial intelligence,
and has found successful applications in robotics, games,
dialogue systems, and recommendation systems, among oth-
ers. One of the key problems in RL is policy evaluation:
given a fixed policy, estimate the average reward garnered
by an agent that runs this policy in the environment. In this
paper, we consider the off-policy estimation problem, in
which we want to estimate the expected reward of a given
target policy with samples collected by a different behavior
policy. This problem is of great practical importance in
many application domains where deploying a new policy
can be costly or risky, such as medical treatments (Murphy
et al., 2001), econometrics (Hirano et al., 2003), recom-
mender systems (Li et al., 2011), education (Mandel et al.,
2014), Web search (Li et al., 2015), advertising and market-
ing (Bottou et al., 2013; Chapelle et al., 2014; Tang et al.,
2013; Thomas et al., 2017). It can also be used as a key
component for developing efficient off-policy policy opti-
mization algorithms (Dudík et al., 2011; Jiang & Li, 2016;
Li et al., 2015; Thomas & Brunskill, 2016).
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Most previous off-policy estimation methods are based on
importance sampling(IS) for trajectory (e.g., Liu, 2001). A
major limitation, however, is that this approach can become
inaccurate due to high variance introduced by the long tra-
jectory. Indeed, most existing IS-based estimators compute
the weight as the product of the importance ratios of many
steps in the trajectory. To alleviate the high variance prob-
lem, researcher introduce variance reduction technique for
IS-based estimators. The most famous one is Doubly Robust
estimator (Jiang & Li, 2015).

Recently, Liu et al. (2018) proposes an estimation problem
for infinite horizon off-policy evaluation. The method is
based on estimate the density ratio between stationary dis-
tribution, rather than trajectory, which avoid the cumulative
product of across many steps in the trajectory, which sub-
stantially decrease its variance and eliminate the estimator’s
dependence on the horizon.

However, Liu et al. (2018) does not provide any variance
reduction trick for its estimator. A natural question is to
ask if there is a easy way to do variance reduction for the
infinite horizon density ratio estimator.

In this paper, we develop a new doubly robust estimator
based on the infinite horizon density ratio estimator. We find
interesting connection between the density ratio function
and value function, and use them to construct a doubly
robust estimator to reduce the variance. Our method yields
a significant advantage compare to the previous estimator.

2. Background
2.1. Off-Policy Evaluation

Consider a Markov decision process(MDP) M =
〈S,A, r,T 〉 with state space S, action space A, reward
function r, and transition probability function T . The av-
erage discounted reward for a target policy π is defined
as:

Rπ := lim
T→∞

Eτ∼π[
∑T
t=0 γ

trt∑T
t=0 γ

t
],

where τ = {si, ai, ri}1≤i≤n is trajectory with state, action,
reward simulated in MDP under policy π.
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Denoted dπ,t(·) as average visitation of st in time step t, we
can define the stationary distribution, or sometimes we call
it discounted average visitation, dπ as:

dπ(s) := lim
T→∞

∑T
t=0 γ

tdπ,t(s)∑T
t=0 γ

t
= (1− γ)

∞∑
t=0

γtdπ,t(s).

Here (1 − γ) is the normalization factor introduced by∑∞
t=0 γ

t.

Using stationary distribution we can rewrite our average
discounted reward as:

Rπ = Es∼dπ,a∼π(·|s)[r(s, a)] (1)

The Off-Policy evaluation problem gives you data
{si, ai, s′i, ri} collected under a behavior policy π0(a|s),
and we want to estimate the average discounted reward for
another target policy π(a|s).

2.2. Value function Estimator

The value function for policy π is defined as the expected
discounted reward sum start from a certain state:

V π(s) = Eτ∼π[
∞∑
t=0

γtrt|s = s0], (2)

where τ = {(s0, a0, r0)}∞i=0 is a trajectories draw from
policy π.

Using the definition we can derive a Bellman equation for
V π:

V π(s) = Ea,s′|s∼π[r(s, a) + γV (s′)],∀s ∈ S (3)

If we can evaluate the value function accurately, we can use
it to estimate the average discounted reward:

Rπ =(1− γ)Eτ∼π[
∞∑
t=0

γtrt]

=(1− γ)Es∼d0 [Eτ∼π[
∞∑
t=0

γtrt|s0 = s]]

=(1− γ)Es∼d0 [V π(s)].

Solving V π If we define an Temporal Differ-
ence(TD)(Sutton, 1988) target over function f as:

Bf(s) = f(s)− Ea,s′|s∼π[r(s, a) + γf(s′)]. (4)

We often use the TD method to solve V π using the following
fixed point recursion:

V (s)← V (s) + α(r + γV (s′)− V (s)). (5)

Actually this can be viewed as a stochastic gradient descent
under the following objective functional:

min
V

D[V ] := Es∼dπ0
[(BV (s))2]. (6)

In this objective, the gradient with respect to V (s) is
2(V (s)− (r + γV (s′))) which leads to equation (5).

Another way is to introduce a test function to the objective
and let the functional G as:

G[f, V ] := Es∼dπ0
[f(s)BV (s)]. (7)

We know that if V = V π, G[f, V ] = 0 for all test function
f .

Now we can redefine the objective for solving V as,

D̃[V ] := max
f∈F

G[f, V ]. (8)

When the function spaceF = {Es∼dπ0
[f(s)2] ≤ 1} is in l2,

the new objective function D̃ is equivalent to the previous
objective function D.

Using V π to estimate Rπ Suppose now we have already
get an estimation of V , we could estimateRπ as a functional:

Rval[V ] = (1− γ)Es∼d0 [V (s)]. (9)

If V = V π , the estimator is unbiased.

2.3. Density Ratio Estimation

The density ratio is defined as the ratio between stationary
distribution of π and π0:

wπ/π0
(s) =

dπ(s)

dπ0(s)
. (10)

Notice that if we get the true density ratio, we can estimate
Rπ using π0 samples with importance sampling method:

Rπ =Es∼dπ,a∼π(·|s)[r(s, a)]

=Es∼dπ0 ,a∼π0(·|s)[wπ/π0
(s)

π(a|s)
π0(a|s)

r(s, a)]. (11)

Solving density ratio wπ/π0
Liu et al. (2018) proposes a

method to estimate the density ratio between distribution
over stationary on state, using a Bellman like recursive
equation

We skip the derivation for how we get those equation, but
just state the result. The estimation of density ratio w can be
written as a optimization problem on the following objective
functional:

L[w, f ] := γE(s,a,s′)∼dπ0
[(w(s)βπ/π0

(a|s)−
w(s′))f(s′)] + (1− γ)Es∼d0 [(1− w(s))f(s)].
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We further defineD[w] to be the the largest value of L[w, f ]
among all the test function f , our goal is to find w minimize
D[w]:

min
w

{
D[w] := max

f∈F
L[w, f ]2

}
, (12)

where F is the space of test function f , typically taken to
be Reproducing Kernel Hilbert Space(RKHS).

Estimate Rπ using w Suppose now we have already get
an estimation of w, we could estimate Rπ as a functional:

Rden[w] = E(s,a)∼dπ0
[w(s)βπ/π0

(a|s)r(s, a)] (13)

where βπ/π0
(a|s) = π(a|s)

π0(a|s) for short.

2.4. Connection

Liu et al. (2018) also proposes an interesting connection for
L(w, f) and the value function V π for the estimation:

Theorem 2.1. Define Rden[w] to be the reward estimate
using estimated density ratio w(s) (which may not equal the
true ratio wπ/π0

) and infinite number of trajectories from
dπ0 , that is,

Rden[w] := E(s,a,s′)∼dπ0
[w(s)βπ/π0

(a|s)r(s, a)] .

Assume w is properly normalized such that Es∼dπ0
[w(s)] =

1, we haveL[w, V π] = Rπ−Rden[w]. Therefore, if±V π ∈
F , we have |Rden[w]−Rπ| ≤ maxf∈F L[w, f ].

Under this theorem, if V π ∈ F we can safely use R[w] as
estimation of Rπ .

3. Doubly Robust Estimator
Doubly robust estimator is first proposed to solve Causal
effect (Funk et al., 2011) as an estimator combining In-
verse Propensity Score(IPS) estimator and Regression mod-
eling(Reg) estimator.

Jiang & Li (2015) introduce the idea of doubly robust esti-
mator into off policy evaluation in Reinforcement Learning.
It incorporates an approximate value function as a control
variate to reduce the variance of importance sampling esti-
mator.

Inspired by this method and Liu et al. (2018)’s theorem
about the connection for density ratio wπ/π0

and value func-
tion V π, we come up with an idea to use a new doubly
robust estimator as our infinite horizon off policy estimator.

Suppose we have already get the our function approximation
for density w and value function V , where w is close to
wπ/π0

and V is close to value function for policy π V π .

Algorithm 1 A New Doubly Robust Estimator
Input: History transition data D = {si, ai, s′i, ri}1≤i≤n
from policy π0; a target policy π for which we want to
estimate the expected reward;
Use D[V ] in Equation (5) as objective to train a good
value function V under some parametric space.
Use D[w] in Equation (12) as objective to train a good
density ratio w under some parametric space.
Use Rdoubly[w, V ] in (16) to estimate Rπ using sample
from D.

Notice that if V = V π , we can use R[V ]+G(V, f) to as an
unbiased estimator, since G(V, f) = 0 for all test function
f . Similarly, if w = wπ/π0

, we can use R[w] + L(w, f) as
an unbiased estimator.

Now we connect them together and define a new bivariate
functional C[w, V ] as:

C[w, V ] := Es∼dπ0
[w(s)(V (s)−
γEs′,a|s∼π0

[βπ/π0
(a|s)V (s′)])].

Now we show our key observation that this connection
functional can connect the density ratio and value function
together.

Lemma 3.1. Compare C[w, V ] with G[w, V ], we have:

C[w, V ] = G[w, V ] +Rden[w] (14)

Proof. Collect the term inside expectation we can easily get
the equation.

Lemma 3.2. Compare C[w, V ] with L[w, V ], we have:

C[w, V ] = Rval[V ]− L[w, V ] (15)

Proof. Rval[V ] = (1 − γ)Es∼d0 [V (s)]. Rewrite L[w, V ]
using the lemma (5) and equation (25) in (Liu et al., 2018)
we have (or simply use dπ0 = (1− γ)d0 + γTπ0dπ0 trick.):

L[w, V ] =γE(s,a,s′)∼dπ0

[(
w(s)βπ/π0

(a|s)− w(s′)
)
V (s′)

]
+

(1− γ)Es∼d0 [(1− w(s))V (s)]

=γE(s,a,s′)∼dπ0

[(
w(s)βπ/π0

(a|s)
)
V (s′)

]
−

γEs′∼Tπ0dπ0
[w(s′)V (s′)] + (1− γ)Es∼d0 [(1− w(s))V (s)]

=γE(s,a,s′)∼dπ0

[(
w(s)βπ/π0

(a|s)
)
V (s′)

]
− Es∼dπ0

[w(s)V (s)]

+ (1− γ)Es∼d0 [w(s)V (s)] + (1− γ)Es∼d0 [(1− w(s))V (s)]

=− Es∼dπ0
[w(s)(V (s)− γβπ/π0

(a|s)V (s′))]

+ (1− γ)Es∼d0 [V (s)]

=− C[w, V ] +Rval[V ].
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Figure 1. Result on Pendulum-v0 environment. (b)-(c) show the results in the discount case with γ = 0.99, (b)

3.1. Doubly Robust Estimator of Rπ

Now we use the following estimator to estimate Rπ:

Rdoubly[w, V ] = Rden[w] +Rval[V ]− C[w, V ] (16)

Our main theorem tells us that if either V or w is estimated
correctly, the doubly robust estimator is unbiased.

Theorem 3.3. If w = wπ/π0
or V = V π , Rdoubly[w, V ] is

an unbiased estimator of Rπ .

Proof. If w = wπ/π0
, Rden[w] = Rπ, Rval[V ] −

C(w, V ) = L[w, V ] = 0. If V = V π, Rval[V ] = Rπ,
Rden[w]− C[w, V ] = −G[w, V ] = 0.

We can further analyze its variance in future.

3.2. Proposed algorithm

Solve the optimization for value function V and density
ratio w respectively by minimizing D[w] and D[V ], then
use Rdoubly[w, V ] to estimate Rπ. A detail procedure is
described in Algorithm 1.

4. Experiment
4.1. Evaluation on Pendulum

We test Pendulum, which has a continuous state space of R3

and action space of [−2, 2]. The initial state randomly start
with angle from −π to π and a random velocity from −1
to 1. In this environment, we want to control the pendulum
to make it stand up as fast as possible. The policy is taken
to be a truncated Gaussian whose mean is a neural network
of the states and variance a constant. There is no ending
state for this environment, and at each state the reward is
calculated as how much you are close to the stand up status.
We train a near-optimal policy π∗ using REINFORCE and
set it to be the target policy. The behavior policy is set to
be π = (1 − α)π∗ + απ+, where α is a mixing ratio, and
π+ is another policy from REINFORCE when it has not
converged.

Our results are shown in Figure 1, where we find that our
proposed doubly robust policy evaluation method outper-
forms density ratio estimation (Liu et al., 2018) and off
policy value estimation methods on two different trajectory
length cases (T = 500 and T = 1000). As is shown in Fig-
ure 1, our proposed doubly robust can be accurate as long
as either density ratio Rden[w] or value function Rval[V ]
estimator is accurate, which can enjoy the benefits of both
estimators in different settings to make the reward estimator
robust when the samples from target policy is unavailable.

5. Conclusion
In this paper, we develop a new doubly robust estimator
based on the infinite horizon density ratio and off policy
value estimation. Our new proposed doubly robust estimator
can be accurate as long as one of the estimators are accurate,
which yields a significant advantage comparing to previous
estimators. As future work, we will validate our method
on more complex environments and provide a theoretical
variance and bias sample analysis.
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